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THE GENUINELY NONLINEAR GRAETZ-NUSSELT
ULTRAPARABOLIC EQUATION
S. A. Sazhenkov UDC 517.9

Abstract: We study a second-order quasilinear ultraparabolic equation whose matrix of the coefficients
of the second derivatives is nonnegative, depends on the time and spatial variables, and can change
rank in the case when it is diagonal and the coefficients of the first derivatives can be discontinuous.
We prove that if the equation is a priori known to enjoy the maximum principle and satisfies the
additional “genuine nonlinearity” condition then the Cauchy problem with arbitrary bounded initial
data has at least one entropy solution and every uniformly bounded set of entropy solutions is relatively
compact in Llloc. The proofs are based on introduction and systematic study of the kinetic formulation
of the equation in question and application of the modification of the Tartar H-measures proposed
by E. Yu. Panov.
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§ 1. Introduction

We consider the Cauchy problem for the quasilinear diffusion-convection equation of the form
up + Oz, a; (X, t,u) — Oy, (aij(x,t)awjb(u)) =0, x¢€ IR{d, te (0,7), (1a)

with the initial data in L>(R%),
ul—o = up(x), x € R% (1b)

In (1), u is the sought function, while the flow vector a := (a;), the diffusion matrix A := (a;;), and the
diffusion function b are given and satisfy the conditions

ai, Dy,a; € Line (RS x (0,7); Clho(Ry)),  aij € Cie(RE x [0,T7), 2)
aij = aji, aij(x,0)&& >0 VE xeRY e[0T, (3)
be CL.(R), b(u)>0 YucR. (4)

We assume a priori that the maximum principle holds for (1); i.e., for example, the inequality
uDg. a;(x,t,u) > —ciu® — ¢y for ae. x €RY t€[0,T] VucR (5)

holds for given functions with some positive constants ¢; and c2 [1, Chapter I, Theorem 2.9].
In (1)-(5) and below we use the conventional rule of summation over repeated indices in products.
The derivative D, is defined by the formula

Dxig(x,t,u) = (Baci.g(X,ta A))‘k:u(z,t) v.g € Cl (Rg X (OvT) X R)\)'
In particular, the derivatives 0, and D, are connected by the identity
O, 9(x,t,u) = Dy, g(x,t,u) + 0ug(X,t,u)0y,u.
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We suppose that in the general case the rank dy of A can be less than the dimension of Rfé and
can vary with x and ¢ in the case when A is a diagonal matrix, i.e., A = diag(a11(x,t),...,aqq(X,1)).
Thus, (la) is an ultraparabolic equation. Such equations arise in fluid dynamics, combustion theory,
and financial mathematics (see the survey [2]). They describe in particular nonstationary transport of
substance or heat in the case when the diffusion effect in some spatial directions is negligibly small as
compared with convection [3]. These equations were first considered in Graetz’s article [4] and Nusselt’s
article [5].

In this article, under the additional condition of genuine nonlinearity (see Condition G below), using
the kinetic equation method and the notion of Tartar H-measure, we prove existence of a bounded
entropy solution to the Cauchy problem for (la) and the relative compactness in Llloc of every set of
entropy solutions to (1a) uniformly bounded in the norm of L.

To state the notion of a bounded entropy solution, we introduce the notation II := R% x (0,7 and
note that, since (1a) is degenerate, the gradient V,u of a possible solution u € L (II) with respect to
the spatial variable can be understood only in the distributional sense. However, since A is symmetric
and nonnegative, A has a unique square root Al/? = {eij}ij=1,. 4 which is a symmetric and nonnegative
matrix, too. Hence, applying the well-known methods for construction of a priori estimates for parabolic
equations (see [1, Chapter III, §2; Chapter V, §1]) and carrying out the formal derivation of the first
energy inequality for (1la), we can conclude that, for every function ® € C§°(II), a possible solution u
to (1) satisfies a priori the inequality

|AY2V o (@) 2y < (@),

where the constant ¢ = ¢(®) is independent of u. This means that, although a single derivative 0,,u
for some or even all ¢ = 1,...,d may fail to be locally summable on II, the linear combinations of these

derivatives of the form a;;0,;u belong to L% (II). Therefore, the definition of an entropy solution should

be supplemented with the corresponding requirement of partial summability of V u.
Now, we can define the notion of a bounded entropy solution to (1).

DEFINITION 1. A function u = u(x,t) is an entropy solution to (1) if it satisfies the conditions
we L®(M), «a;0y,ue Ly (II), i=1,...,d, (6)

and the integral entropy inequality

/ (Cop (1) + Carti(%, £, 1) — (o' (u) Doy, £, )

’ +C Dy, qi(x,t, u) + w(u)0y, (aij(x,t)0z;C)
—C" (W)t (u) (v (x, ) O, u) (0 (x, ) Oy u)) dxdt + /w(uO)C(& 0)dx >0 (7)
Rd
for arbitrary functions ¢, ¢;, and w such that
¢ € Cite(R), ¢"(u) 2 0, duai(x,t,u) = @' (w)uai(x,t,u), w'(u) = @' (W) (u), (8)

and for every nonnegative function ¢ € C?(II) vanishing in a neighborhood of the plane {t = T'} and at
large values of |x|.

DEFINITION 2. A function w is an entropy solution to (1a) if it satisfies the integral inequality (7)
for every function ¢ € C3(II).

Alongside (2)—(5), we also impose the following requirement on the functions a;, a;;, and b called the
genuine nonlinearity condition:
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Condition G. The following requirement is satisfied for a.e. (x,t) € I: for arbitrary (¢,7) € R4+1
such that |¢|? + 72 = 1 and a;;(x,t)&&; = 0, the set

AeR |7+ (ain(x,t,A) + (1/2)b' (N aije, (x,1))& = 0}
has Lebesgue measure zero.

Here and in the sequel ¢, = 9\ and {;, = 0,¢ V¢ = ((x,t,)). We denote by S¢ the unit sphere in
RO 81— ((€,7) € RO [Jgf 4 2 = 1),
The following two theorems are the main results of the present article:

Theorem 1. Let (1a) be a genuinely nonlinear equation in the sense of Condition G. Suppose that
the matrix A of the coefficients of the second derivatives satisfies one of the following two conditions:
(1) the rank dy of A is constant or (2) A is diagonal; i.e., A = diag(a11(x,t),...,aqq(X,t)).

Then (1) has a bounded entropy solution for arbitrary initial data uy € L>(R%).

Theorem 2. Let (la) be a genuinely nonlinear equation in the sense of Condition G. Suppose that
the matrix A of the coefficients of the second derivatives satisfies one of the two conditions: (1) the
rank dy of A is constant or (2) A is diagonal; i.e., A = diag(a11(x,1t),...,aqq(X,1t)).

Then every set of bounded entropy solutions to (la) bounded in L*°(II) is relatively compact
in L, (10).

REMARK 1. Observe that the condition (2) in the statements of Theorems 1 and 2 does not exclude
the case when the rank of A = diag(a11(x,t),...,aqq(X,t)) is variable.

There are many articles on the genuinely nonlinear equations of a form similar to (1a). One of the
first results in this direction was obtained by Lax [6] who proved in 1957 that the Cauchy problem for
the equation u; + a(u); = 0 has an entropy solution in the case when the function a = a(u) is convex
or concave. It was Lax’s article where the equations satisfying conditions like Condition G were called
genuinely nonlinear.

As regards its, this research is close to the articles by Tartar [7], Lions, Perthame, and Tadmor [§],
and Panov [9]. In [7] it was demonstrated that every bounded set of entropy solutions to the equation
U+ 0y, 05(x, t,u) = 0, x € R?, is relatively compact in L{, . (R2 x R). In [9] this result was generalized to
the case of arbitrary dimension d. In [8] the equations u;+0z,a;(u) = 0 and us+ 0y, a;(u) — agimj a;j(u) =0
were studied, where the matrix (a;j) is nonnegative, and similar results on relative compactness in LllOC
were proven. Note that Condition G of this article is a generalization of the genuine nonlinearity condi-
tions in [7-9]. In those articles the genuine nonlinearity conditions were also called the nondegeneracy
conditions. Note also that for autonomous equations, i.e., for those in which the diffusion matrix A = A(u)
and the flow vector a = a(u) do not depend explicitly on x and ¢, the theory of well-posedness of the
Cauchy problems in the classes of bounded entropy solutions was constructed completely and without
constraints like the genuine nonlinearity condition in [10,11]. Equation (1a) of this article is not au-
tonomous in the general case; in this connection, Theorem 1 is a new result on existence of solutions to
ultraparabolic equations.

The proofs of Theorems 1 and 2 are based on application of the kinetic equation method which enables
us to reduce quasilinear equations to linear scalar equations whose solutions are “distribution” functions
containing an additional “kinetic” variable (for example, see [8,11-13]). Alongside this method, we apply
the theory of H-measures originally constructed by Tartar [14] and Gerard [15] and further developed in
Panov’s article [9].

§2. A Kinetic Formulation of (1a)
We introduce a kinetic formulation for (1a) in a form similar to that of [11].

Problem K. Find a kinetic function f(x,t,A) and nonnegative Borel measures m,n € M(II x R))
satisfying the equation

ft + ai)\(xv L, A)fzz — Qig, (Xv 12 )‘)f/\ - b/(/\)awi (aij (Xv t)azrj f) + (m + blO‘)n)A =0 (93)
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and the conditions

1 for A\ > u(x,t),
t,A\) = - 9b
fGe, 8, 2) { 0 for A < u(x,t), (9b)
sptm C {(x,t,\) € I x Ry : |A] < |lu|ge=}, (9c)
dn(x,t,\) = |[AYV2V u(x, 1) [Pdy, (. (N) dxdt (9d)

with some function u € L>(TI) such that AY?V u € L2 (TI).

loc
Here we denote by M(X) the Banach space of bounded Radon measures on some set X. In (9d) we
denote by v,(z,¢) the parametrized Dirac measure on R) concentrated at A = u(x,t).
The kinetic equation (9a) is understood in the distributional sense, i.e., in the sense of the integral
equality

/ (Ct + av\(x, t, /\)le — Qg (X, t, A)&AC + b’(A)@IZ (aij(x, t)sz C))f dxdtd\
HXR)\

+ / OO (M) dn(x, t,\) + / Ovdm(x,t,A) =0 (10)

HXRA HXR)\

in which ¢ € C3(II x Ry) is an arbitrary test function.

REMARK 2. By the obvious representation

p(u(x, 1) = — / SN (x A AN Vo e CLR), (11)
R

the triple (f,m,n) is a solution to Problem K if and only if the function w in (9b)—(9d) is a bounded
entropy solution to (1a).

The further content of the article is as follows. In §3 we introduce a family of H-measures corre-
sponding to an arbitrary weakly converging sequence of solutions to Problem K. In §4 we formulate the
localization principle for H-measures (Theorem 3 and Corollary 1) and in §5-§ 7 prove it. In §8, using
this principle, we prove Theorem 2. In §9 we prove Theorem 1.

§ 3. Tartar H-Measures

Let (f*,mF,n*), k € N, be a sequence of solutions to Problem K such that the set of values of the
variable A at which f* has jumps is uniformly bounded in some interval [, 1], ux = const > 0. This
means that the corresponding sequence {u*} of entropy solutions to (1a) is uniformly bounded in L°°(II)
and the estimate [|u¥|| o0y < uy is valid. Extracting, if need be, a subsequence of k € N, we define some
weakly* converging subsequences {f*} and {u*} and limit functions f € L®°(II x Ry) and u € L>(II)
such that

f* — f weakly* in L®(II x Ry) as k /oo, (12)
ub — u weakly* in L°(II) as k 7 oc. (13)

It is obvious that f = 0 for A < —uy and f = 1 for A > wu,. The lemma below implies that f is a monotone
nondecreasing right continuous function of A. This structure of f enables us to use Panov’s theorem on
modification of the notion of Tartar H-measures [9, Theorem 3] and introduce a family of H-measures
associated with f* — f.
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Lemma 1. The function f in the limit relation (12) is the distribution function of a Young measure
e+ € Prob(Ry) associated with the subsequence {u*}; i.e.,

f(x,t,A) = /1,\28 dvg +(S). (14)

Rs

Here Prob(R)) is the subset of M[(R)) constituted by all nonnegative measures with the unit norm.
The notion of Young measures will be introduced in the proof of the lemma.

PROOF. Let ¢ € Co(II; C§(Ry)) be an arbitrary function. It follows from (12) that

/ rE¢, dxdtd o / fC\ dxdtd. (15)

HXR/\ HXR/\

Representation (11) yields the equality

/ R, M) G(x, t, N) dxdtd) = /g x, t,uf(x,t)) dxdt. (16)

HXR)\

By Tartar’s theorem on Young measures [16, Chapter 3, Theorem 2.3|, there is a bounded weakly
measurable mapping (x,t) — v from II to Prob(R)) such that sptv,; C {A:|A] < u,} and

klifrgo / C(x,t,uF(x,t)) dxdt = / ( / C(x,t, ) dz/m()\))dxdt. (17)
il II Ry

The measure v, ; is defined for a.a. x and ¢ and is called the Young measure associated with uk.
Using the notion of the Stieltjes integral generated by the distribution function

g(x,t,\) :z/lAstmet()\),
Rs

we can represent the right-hand side of (17) as

H/(R[ C(x,t,N\) de,t()\)) dxdt :H/<R[ C(x,t, N)drg(x,t, )\)) dxdt, (18)

where dyg(x,t,-) is a parametrized Stieltjes measure on Ry. By the theory of the Stieltjes integral, the
following equality holds for an arbitrary function ¥ € Cy(R)):

/¢ )dag(x,t,\) = /zp g(x,t,\)d\ for a.e. (x,t) €Il

Applying it, we can rewrite the right-hand side of (18) in the form

/ ( / Cd)\g> dxdt = — / Cag dxdtd. (19)

I Ry IIXRy,
It follows from (15)—(19) that f and g coincide for a.e. (x,t,\) e I x Ry. O
Introduce the set
&={X €R| f(-,,A) = f(-,+, Ao) strongly in L .(II) as A — Ao }.

From [9, Lemma 4| and Panov’s theorem on modification of Tartar H-measures [9, Theorem 3] we
immediately obtain the following two assertions:
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Lemma 2. The complement of & in R is at most countable, and the limit relation f*(-,-,\)

f(5 -, \) weakly* in L°°(II) holds for every X € &.

—
k Soo
Theorem N. There exist a family of locally finite Radon measures {puP4}y sce on II x S?¢ and

a subsequence of { f*(\)—f(A\)}, A € &, such that the following equality holds for arbitrary ®;, ®s € Co(II)
and ¢ € C(S9):

| o B0 () dix, )
IIxS4

—tin [ F0) -~ foNOFE@ - T@ONEw () & vracs (0

Rd+1

In the statement of Theorem N and below we denote by @ the complex conjugate of ¢. Denote by .#
the Fourier transform in x and ¢:

Zlel(€) = / (x, t)e2rilGottmtttaza) gy gt

Rd+1

for every integrable function ¢. We assume that if a function is defined originally only for ¢ € [0, 7]
then it is also defined beyond [0, 7] and is identically zero there. Also, sometimes we use the convenient
notation xqg :=t.

DEFINITION 3. The family of measures {4/}, s is called the H-measure associated with the sub-
sequence { f¥ — f}.
According to the general theory of H-measures, we have the following properties:

Lemma 3. 1. For every finite set E := {p1,...,p,} C &, the set of measures (uPiPi); j—1 _ p Is
Hermitian nonnegative; i.e.,

pPiPi = pPiPi <Npipj7q)i6j¢) >0 (21)

for arbitrary ®1,...,®, € Co(II) and ¢ € C(S%), ¢ > 0 [14, Corollary 1.2].

2. The mapping (p, q) — pP? is continuous from & x & to M(II x S%) [9, Theorem 3].

3. For arbitrary p,q € &, the measure pP? is absolutely continuous with respect to the Lebesgue
measure on II. As a functional on C(II x S%), it admits a natural extension to L?(II,C(S?)); there-
fore, the decomposition dyP(x,t,y) = dob%(y)dxdt holds. Here the mapping (x,t) — ohy belongs
to L2 (11, M(S%)) and is determined uniquely from pP? [17,18].

4. fE(-, - N) k7 f(-,+, A) strongly in L (II) for X € & if and only if p™ = 0 [14].

o0

In Section 3 L2 (II,M(S?)) stands for the space of mappings x ++ o, from II to M(SY) weakly
measurable with respect to the Lebesgue measure on II with the norm

1/2
lolssmanony = ( [ lowilfonasdt) o € 2301 1a(EY),
IT

§ 4. Statement of the Localization Principle for H-Measures

Theorem 3. Suppose that the matrix A of the coefficients of the second derivatives of (1a) satisfies
one of the following two conditions: (1) the rank dy of the matrix is constant or (2) the matrix is diagonal;
ie., A =diag(ai1(x,1),...,aq44(x,1t)).
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Then the H-measure p™ associated with the subsequence {f* — f} satisfies the integral equality

/( Z b (N ag; (%, 1) gy (%, 1, A, y) d#”(x,t,y)>d/\ =0 (22)

Ry TIxsd BI= 1

for every function ¢ € Cj (H x Ry; C (Sg)) and the integral equality

d
1
/ ( / (yO + Z (ai)\ (X, ta )‘) + ib/()‘)a'l]l'] (X, ta )‘))yl> ﬁ(xv ta )‘7 Y) d:u’AA (X7 ta y)) dA =0 (23)
Ry “IIxSd =1

for every function 8 € Co(Il x Ry; C(SZ)) which is odd in y; i.e., B(x,t,\, —y) = —B(x,t,\,y).

Corollary 1 (the localization principle). The support of the H-measure ™ for a.e. A € R belongs
to the intersection of

d
{<x,t,y> eI x5 3 ¥ (Nag(x. Oy = 0}
ij—=1
and

d
1
{(x,t,y) e x S| yo+ Z (ain(x,t,\) + ib/()\)aijmj (x,t,A\))y; = O}.
ij=1

Proor OF COROLLARY 1. By the arbitrariness of ¢ and nonnegativity of Z” V' (Naij(x, t)yiy;
and p™, it follows firstly from (22) that u** is supported in

d
{(x,t,y) eIl x 7| Z V' (Naij(x, t)yiy; = O}.

ij=1

By the assertion 3 of Lemma 3 and condition (2), we can secondly weaken the smoothness requirement
on the test function § in (23) in the variables x and ¢, namely it suffices to require 3 to be compactly
supported on II (for all A and y) and belong to the class L* (H; Co (RA; C’(Sg))) In this connection, we
can take ( to be the function (odd in y)

d

B(x,t,\,y) = (yo + Z (ain(x,t,\) + %b’(/\)aijwj (x,t, )\))yi> ,Bf(x, t, N, (24)

ij=1

where 31 € Co(IT x R)y) is arbitrary. Thus, from (23) we derive the integral equality

d 2
/( / (yo + Z (ain(x,t,A) + %b'()\)aiﬁj (x,t, )\))yi> B2(x,t, \) dp™ (x, t, y)) d\=0

Ry “IIxSd =1
which, by nonnegativity of the integrand and p™, implies that p* is supported in
d 1
{(x,t,y) e xS | yo+ D (ain(x,t,A) + ib’(A)aim (x,t,\))y; = o}. O
ij=1
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§ 5. Proof of Theorem 3. Part I: Preliminaries
We start the proof with justification of the following auxiliary lemma:

Lemma 4. There is a Borel measure H € M(IIxR)) supported in I, = {(x,t,\) € IIxR : |A] < uy}
and such that the limit relation
m* + o' (A)n* — H weakly* in M(II x Ry) ask oo (25)
holds for an appropriate choice of a subsequence {k} C N.
PrOOF. By (9a), (12), and (13), we have the uniform estimate

[m* + 6| 2y )+ < (26)

in which the constant ¢, is independent of & € N. Since the measure mk + b/'nk is nonnegative for
an arbitrary k € N, we conclude that this measure has a unique natural extension to M(II x Ry) and that
the set {m* 4 b'n*}cy is uniformly bounded in the norm of M(II x Ry) by a constant c, [19, Chapter III,
§ 3, Proposition 2]. It follows from this estimate that the limit relation (25) is valid for some subsequence

k € N. The support of the measure H lies entirely in I, since the supports of the measures m* and n*
liein I, forall ke N. O

Alongside this lemma, in the proof of Theorem 3 we systematically use the theory of Riesz potentials
and zero-order pseudodifferential operators (p.d.o.), in particular the Riesz transform.
Recall [20, Chapter 5, §1] that, for every function ¢ € C§°(R4*!), the Riesz potential .7, (0 < a <
d + 1) is defined by the formula
F [ Zalell(€) = (2m[€])~ F el (§).

The Hardy-Littlewood—Sobolev Theorem [20, Chapter 5, § 1] claims that the Riesz potentials are defined
on LP(R¥*1) for an arbitrary p € (1,+oco) and present bounded mappings from LP(RY*!) to LI(R 1)
forg7 ! =p !t —a(d+1)71;ie,
- Zale]ll Laraty < cpallpllpomary Vo € LP(RHY). (27)
A zero-order p.d.o. &/ with symbol ¢ € C(S?) is defined by the formula

T [ll(€§) = »(&/1€)F [l (€)
for a function ¢ € C§°(R4!). The zero-order p.d.o. Z; (j = 0,...,d) with symbol —i¢;/|¢| is called
the Riesz transform [20, Chapter 3]. The zero-order p.d.o.’s are defined and bounded on LP(R*!) for
an arbitrary p € (1, +00); moreover, the following estimate is valid [20, Chapter 3, Theorem 3]:
1 [P)ll o a1y < epll@llpoasty Voo € LP(RTHY). (28)

By the theory of p.d.o., the Riesz potentials and zero-order p.d.o.’s commute with each other with the
operators of differentiation and satisfy the following equalities for all admissible functions (for example,
for ¢ € Cg°(RTL)):

(Fa 0 Ip)le] = Jarplel Va,B,a+pe(1,d+1), (29)
H1[0z;0] = Zjlp), §=0,...,d, zo:=1. (30)

Also, note that if the symbol of the zero-order p.d.o. & : L?(R4!) s Lo(R¥*1) is an odd function,

ie., P(=¢&/[&]) = —v(&/|€]), then o is an antiselfadjoint operator; i.e., the formula

[ o1 oaxit=— [ i) eadxas (31)
i i

is valid for arbitrary 1, o2 € L? (Rg’tl).
The Sobolev Embedding Theorem and the above properties of the Riesz potentials yield the following
assertion [20, Chapter 5, Theorem 2:
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Lemma 5. If p > d + 1 then the Riesz potential .1 is a compact operator from Lfoc(Rd“) to
Cloc(R¥*Y). If1 < p < d+ 1 then the Riesz potential .%, is a compact operator from LI (RI*1) to
Ll (R for an arbitrary g € [1,p(d+ 1)(d+1—p)™').

Note that, applying the Plancherel Theorem to (20), we can equivalently define the H-measure {uP?}
by the formula

[ ediixty) = tim [ @154 0) - £6)80) - (@) d, (32
II

TIxSd

where o7 is the zero-order p.d.o. in R! with symbol 1.

§ 6. Proof of Theorem 3. Part II: Derivation of (22)

Denote U (x,t) := f¥(x,t,A) — f(x,t,A). By the limit relations (12), (13), and (25), from (10) we
derive the equality

/ (Ct + ai/\(xa t, )‘)sz
HXR)\
—Qig; (X, £, N + b'(N) O, (a4 (x, t)(xj))U]i‘ dxdtd\ + / (\dHy, =0, (33)
HXR)\

where Hy :=m* + b (A\)nF — H and ¢ € C3(II x R,) is an arbitrary test function.
Multiply the above equality by pr Co(p) dp, where the function (o € C3(R) is arbitrary. Since the

linear span of the set {((x,t,A\)(o(p)} is dense in CF (II x Rip), from (33) we obtain the equality

/ (Gt + ain(x,t, A) (e,

2
HXRA,p

— @iz, (X, 1, \)Cx + b (N) 0y, (a4 (x, t)ng))U,;\ dxdtdAdp + / / (\dHydp = 0, (34)
Rp IIXR)
where ¢ = {(x,t, A, p) is a smooth compactly-supported test function.
The further justification of (22) is based on some special choice of the test functions in (34) and the

passage to the limit as & 7 +o0.
Take ¢ in the form

C(Xa t, >‘7p) = Cl (Xv t)C2(>‘)(j2 © JZ{) [C?y('a 'ap)Ulf] (Xv t)v (35)

where ¢; € C2(I), (2 € C3(R), and (3 € C3(II x R,) are arbitrary and <7 is a zero-order p.d.o. with
an arbitrary symbol 1 € C1(S?). By the properties of p.d.o.’s in § 5, such choice of the test function is
admissible, since all integrals in (34) are defined correctly.

Applying (29) and (30), we arrive at the equality

/ (Cuea( S 0 ) [3UL] + C162(H1 0 o 0 Ko) [(3UL] + ain(x,t, A) 1o Co(I2 0 ) [(3U}
HxRi’p

tain(x,t,N)(1G(SI1 0 F 0 ;) [(SUE] — aig, (%, 8, \)1Con(F2 0 ) [(UE ]
+b' (V) aija; (X, 1)C1a; G2 (F2 0 ) [GUL| + V' (N)aije, (x,1)C1¢2(F1 0 & 0 %) [G3UF |
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—l—b’(/\)aij (X, t)lel'in Cg(fg o ,Qf) [C3UI€] + 2b'()\)aij (X, t)ch;iCQ(fl ouf o :@J) [CgU}:]
V' (Naij(x,1) G162 ( 0 Zi o ;) [CgU,f] ) U;i‘ dxdtddp

4 / / (1o (Fa 0 ) [GUP] dHy(x, £, \)dp = 0. (36)

Ry TIXRy,
By Lemma 2, U,f k7> 0 weakly* in L°°(II) for an arbitrary p € &. Using this limit relation, applying
(o0}

the Lebesgue Dominated Convergence Theorem, Lemmas 4 and 5, and dropping down to a subsequence
of {k} C N, if need be, we arrive at the equality

/ k}l&l / Jaij(x,t) (1 (A 0 R 0 ;)| (UL U} dxdtdAdp = 0. (37)

By Theorem N and the fact that </ o %; o %; is the zero-order p.d.o. with symbol —(y)yy; (y € S9),
from (37) we conclude that the following equality holds for arbitrary functions (i, (2, (3, and 9 defined
n (35):

/ ' (N)aij(x,8)(x, 1) (NG (x, t, p)v(y)yiy; duP* (x,t,y) dAdp = 0. (38)

2 d
]RA’P IIxS

Note that the linear span of the set {(4(x,t, A, p) = (2(M\)¢s(x,t,p)} is dense in CF (I x Ri,p) and
take the test function ¢4 € C3(II x R?\,p) to be the Kruzhkov function [10]:

Ci(xat’ Avp) = §C5(X7t)46 (A p) <7 (A +p> , €2 07 (39)

where (5 is a smooth compactly-supported function in II, (s is a nonnegative even smooth function
compactly supported in the interval [—1,1] and having the unit mean value, i.e., [(s(A)d\ =1, and (7
is a smooth compactly-supported function on R.

Changing the variable p with k = (p — ) /e, from (38) we derive

[ ] v0asacae (25 ) o hmndi s ) dias o (40)

2 d
RAW IIxS

By the choice of the test functions (g and (7, Lemma 2, the assertion 2 of Lemma 3, and the Lebesgue
Dominated Convergence Theorem, passing to the limit as € N\, 0, from (40) we infer

/ / b (N)a (36, £)1 (3, £)Cs (3%, £)Cr (N ()i A (x, 1, y)dA = 0, (41)

Ry IIxSd

whence, recalling that (1, (5, (7, and ¢ are arbitrary, we immediately obtain (22).

§ 7. Proof of Theorem 3. Part III: Derivation of (23)

Introduce the regularizing kernel w € C§°(R) having the same properties as the function (s defined
in the previous section. Denote

wp(x) = %w (%) Cw

U,f,h(x,t) = (U xwp) (x,t) = /wh(x - x)UP(%,t) dx.
Rd

(%)’ (o n = (-.) xwn,

and
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Derivation of (23) is based on some special choice of the test functions in the integral equality (34).
Take the test function in (34) to be the function of the form

C(Xv t, Aap) = b,(p) (Cl(fl © JZ{) [C2U]€,h}) * Wh, (42)

where (1 = (1(x,t,p,A) and (2 = (2(x,t) are arbitrary smooth compactly-supported functions such that
(1 is symmetric in the variables A and p, i.e., (1(x,t, A, p) = (1(x,t,p, A) for arbitrary A and p, and < is
an arbitrary zero-order p.d.o. whose symbol ¢ € C1(S?) is an odd function.

Since U,f 5, is infinitely smooth in x, the chosen function ¢ is an admissible test function for the

integral equaiity (34). Inserting it in (34) and using (29), (30), and the property (©1n,v2) = (¢1,¥2n),
we derive the equality

| VO @aA N [GUE] + U 0 20) UL,
HXR2
(Uk ain) yC1z (A1 0 D) [GUE ] + (Upain) G (o 0 %) [(UL,]
(Uk; ale)hgl)\(fl o “Q{) [CQUP] + b/ (Uk; al]xl)hCImJ (jl © M) [CZU;S h]
'\ (Ui aija:) (o 0 25) [GUR ] + V(N (Ui aig) 60w, (o7 0 %)) [GUY,]
+26' (A) (UR i) , Cras (7 0 Z5)[GUY ] + 0 (A (Ui 11y (F1 0 ) [GUY ] ) dxdtdAdp
/ / Cl)\ fl OJZ{) [CQUIZc)h])hde(X7t7 )\)dp: 0. (43)
R, TIxXRy

In all integrals in (43), but the one having the form

/ V' (p)V' () (UR aij) 6100, (o © %)) [G2U} )] dxdtdAdp, (44)
xRS

the passage to the limit as h \, 0 is plain, for U ,f h q U? strongly in L] _(II). The corresponding limit

expression has the form

/ b/(p)(Uli\Clt(fl o) [CUY] + UNG1 (o o Ho) (GUY]
xRS
+UpainCia; (H1 0 ) [QUE] + UpainCi (< o %) [UY
_Ulg\aia:iCL\(jl o «Q{) [CQUIS] + b'()\)Uli‘aijwiij (ﬂl o JZ{) [CQU];:]
+b’(>\)U,;\a,-jxiC1(4zf o Xj) [CgUp] + 2b’()\)U,§aijC1xi(% o %j) [CgU,f]

+V (N URijClase, (F1 0 ) [(UE]) dxdtdAdp
/ / Cl)\ jl o %) [CQUP] de(X t, )\)d (45)
R, IIxRy,

The passage to the limit in (44) as h \, 0 (and then as k  +00) is based on the following three
lemmas:

Lemma 6. Let o/ be a zero-order p.d.o. with symbol ¢ € C*(S%) and let % : L?(R4*+1) — L2(R4*1)
be the operator of multiplication by a function B € C’g(Rg;l); ie., Blo|(x,t) = B(x,t)p(x,t) Vo €
12 (Rd+1)_
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Then the commutator [/, %) := o/ o B — 9B o & is a continuous operator from the space L? (Rg’tl)
to Wzl (Rgftl) and the operator ¢ — Oy, [, B)[¢] (i =0,...,d) has the structure

d
0,1, Bllpl = Y _(ij 0 By)lp] +Gile] Vo € LR, (46)
5=0

where ; is the zero-order p.d.o. with symbol v;; € C(S?) defined by the formula

ws(e/ie) = 6oL, e emin (47)

; is the operator of multiplication by the function 0, B (here zg := t), and €;: L*(R*™) — L?(R4)
is some compact operator.

REMARK 3. In terms of the variables y; := (£;/|¢|) € S? formula (47) takes the form

d

Vi (v) = D iS50 + yju) 0y b (y).

=0
Lemma 6 was established in [14]. O

Lemma 7. Let (1 = (1(x,t,p,\) and (2 = (2(X,t) be arbitrary smooth compactly-supported func-
tions such that (i is symmetric in A and p; i.e., (1(x,t,\,p) = (1(x,t,p,\) for arbitrary A and p, and
let o/ be an arbitrary zero-order p.d.o. with symbol 1 € C*(S?) an odd function. Then the following
equality is valid:

2 / b'()\)b'(p)U,?,haianm (o o Xj) [CQU,?,J dxdtd\dp
HxRiP
= [ OO s0nles 0y 2 BN,
xRS
+aijC1Cor, (o © %) [V (D)XUR 1] — (0ijC1) ;G (o7 0 25) [V (0)XUY ]
— G20, [ 0 K5, Z135] [V (P)XUE ] ) dxdtdAdp. (48)
Here Z7;; and 25 are the operators of multiplication by the respective functions a;;¢1 and (2 and
x(x, ) = XYM (x, 1) = Lsupp i Usupp@)(x, t). Note that x(1 = ¢1 and x(2 = (o.

PROOF. Integrating by parts with respect to the variable z; (i = 1,...,d) in (44) (divided by 2) and
collecting the summands so as to form explicitly the commutator of the zero-order p.d.o. &/ o #; and the
operator of multiplication by (2, we obtain the equality

/ b (MY (P)U7 0456100, (o © %;) [G2UY ] dxdtddp
IIxR3

—— [ 2O Nesi)lef o 7 B[V (NUE,] dxdirds

2
HXRMP

— / Oz, (U]i"hb'()\)aijg”l)@(;z% o%j)[b/(p)xUﬁh] dxdtdAdp. (49)
HxRip
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Integrating by parts with respect to z; (i = 1,...,d) the first of the integrals on the right-hand side
of (49) and using the product rule for differentiation in the second integral, we establish that the following
representation is valid for these two integrals:

— / Oz, (Uéhb’()\)aijgl) [of o K, 2 [b,(p)xU,f’h] dxdtd\dp
xRS
- / Oy (U1 (N aisC1) ol 0 %) [V (p) XU, ] dxdtdAdp
HxRiP
= [ U ONasG0n [ o 2, BV UL, dxdtdrdp
HxRip

- / Oz, (URRY (N aiji6e) (o © %5) [V (p)xUY, ] dxdtdrdp
HxRiP

+ / U2 ¥ (NaigCian (7 0 %) [¥ (p)XUL ] dxdidAdp. (50)
HxRip

Using the product rule for differentiation and collecting the summands so as to form explicitly the
commutator of the zero-order p.d.o. &7 0%; and the operator of multiplication by the product of functions
a;;C1, we find that the second integral on the right-hand side of (50) has the representation

- / 6$1(U1§\,hb/(>‘)aij<1g2)(dO%j)[b,(p)XUlf’h] dxdtd\dp

HxRin

- / U2 (Natiias 1o 0 25) [ (p)XUL 5] dxdtdrdp
HxRip

~ [ UM NGl o B (pNTL,] dxdtird
HxRip

+ / 0o, (UX WY (N G2) [ © j, Z143] [V (p)XUY,,] dxdtdAdp

2
HXRNP

_ / Ors (VXY (NG (o 0 5) [V ()asguUL ] dxdtdAdp. (51)

2
HXR%F

Integrating by parts with respect to x; (¢ = 1,...,d) in the third integral on the right-hand side of (51),
we find that this integral is representable as

/ O, (URRY (N G2) [ © 5, 215] 6 (p)xUy, ] dxdtdAdp
HXRiP

—— [ UG 0 7y Zis) [ AU, dxdiards. (52)

2
HXRNP

367



Using (31) and the fact that the zero-order p.d.o.’s and the Riesz potentials commute with each other
and with the operators of differentiation with respect to x;, we obtain the following representation for
the last integral on the right-hand side of (51):

— / Oz, (Ulg\,hb/()‘)@) (o o %j) [bl(p)aijgl Ulf,h] dxdtd\dp
HxRip

_ / (7 © ;) [0, (U2AD (NG (0 ()asgLUP,) dxdtdAdp
HxRim

. / Or(7 © ;) [UR W0 (N G] (8 (p)asg UL ) dxdtdAdp. (53)

2
HXR%F

Insert (53) in the right-hand side of (51). Then insert the resulting representation in the right-hand
side of (50) and the result in the right-hand side of (49).
Thus, we conclude that (44) can be represented as

2 / b/()‘)b/(p)Uii\,haz‘jClazi(dOﬁj)[CgUgh] dxdtd\dp

2
HXRMO

=2 / URRb (N)aij G104, [ 0 %;, 2] [0 (p)x U] dxdtdAdp

2
HXRA,p

+2 / Ui b (N aijCiGar, (o7 0 %) [V (p)XUE | dxdtdAdp
HxRi’p

= / U2 (N aties 1o 0 %) [ (0)xUT ] dctddp
HxRi’p

-2 / UL b (N)aijCua o (7 0 %) [V (p)xU}, ] dxdtdAdp
HXR?\’p

9 / U (NGO, [ © 5, Ziag) [H (p)XU? ] dxdtdAdp
IIxR3 ,
-2 / Ug’hb’(p)aijglﬁmi(;zi o %) [b/(/\)CzU,;\,h] dxdtd\dp. (54)

2
HXRA’p

Changing the notation of the variables p and A in the last integral on the right-hand side of (54),
note that this integral and (44) coincide, since (; is symmetric in p and .
Thus, from (54) we immediately obtain (48). O

Lemma 8. For every p < 400 the following limit relation is valid:
loc

Oz, ((U,i‘aij)h - U,i"haij) h—\f) 0 strongly in LY (II). (55)

PRrROOF. The result of the lemma is immediate from [21, Lemma II.1]. O
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We turn to studying the passage to the limit in (44) as h \, 0. From Lemma 7 we obtain

/ 20 (p)b'(N) (UR aij ), 10x, (7 © %;) [G2UT )] dxdtddp

2
HXRXP

=— / 20 (p)b' (N) O, (U aiz),, — Upnaij) C1 (7 o %) [GUE | dxdtdAdp
xRS
+ / U,ihb/()\)aijg‘laxi (o o K;, 23] [b’(p)xU,ih] dxdtdAdp
IR

+ / Ui b (N)aijCi¢oz, (o7 0 %) [V (p)x U}, dxdtdAdp
IIxRY

- / Ul?,hb,(A)(aijCl)miCz(ﬂfO%j)[b’(p)fo;h] dxdtd\dp
HxRim
- / UR b (N)G20u, [ © %;, Z245) [V (p) XU} ,] dxdtddp
HxRip
© Nn + Ion + Ish + Lun + Isn. (56)

By Lemma 8, the integral I;; vanishes as h 0. From here and Lemma 6 we derive the limit relation

Iy, + Iop + I3p + Iyp + Isp

= [ UM ONasGon s 0 75, )Y (DXUF] dxdtdrdp
xRS

+ / URY (N)aijGiCox, (7 0 %) [V (p) U] dxdtdAdp
HxRip
- / Upt/ (A\)(aijC1)z; G (o © ;) [V (p)xU?] dxdtdrdp
HXRiP
- / U (\)Cad, [ © By, o) [V (9) XU dxdtddp. (57)

2
HXRNP

Thus, in view of (56) and the limit relations (45) and (57), letting h ™\, 0, from (43) we obtain the integral
equality

/ V' (p) (UR Gt (1 0 @) [QUE] + Up i (o © %) [GUE] + URainCie, (S1 0 o) [UE)
TxR2
+UpainCi( 0 %) [UY] — Upaig,Gix(H1 o ) [UT]
+b,()\)U1§\aijmiC1xj(f1 © 527) [CzU;ﬂ + b,(/\)Uié\aijmiCl(ﬂ/ O%j) [C2U;f]
+(1/2)V' (N URaij10x, [ 0 %5, 23] [XUL] + (1/2)b' (N UR aijC16ox, (o © %;) [xU}]
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—(1/2)6 (MU (a35G1)0,C2( 0 ) [XUF] = (1/2)6' (N UR28x, [/ © Bj, Z35] [XUY]
+2b,( )Uk awClxl M O% )[CQUP] + b/( )Ulg\aijCIxiwj(jl (¢] %) [CQU,?]) dthCD\dp

/ / P)Cr(A 0 ) [GUP| dHy(x,t, A)dp = 0. (58)

R, ITXR,,

Using Theorem N, Lemmas 4—6, and the Lebesgue Dominated Convergence Theorem, we pass to the
limit as k * +oo in (58) (dropping down to an appropriate subsequence {k} C N, if need be):

b (p) (C1 (%, t, X, p)Ca (%, 1) (y)yo + aix(x, t, \)Ci (X, t, A, p)Ca(x, 1) (y)ys
IxS4xRE
+H(1/2)6 (N ai; (%, 8)C1 (%, 1, A, ) (Y, (V) + yrtntly, () + 9 (¥)) YitsCoa, (X, 8)
+26' (Naij (x,1)C1 (%, t, A, p)Coa, (X, )Y (¥)y;

—(1/2)t' (N aija, (%, )G, 1, A, p) (¥, (¥) + wrtntby, (¥) + 3 (¥))yiviCa(x, 1)

—(1/2)b' (Nai; (%, 1)C1a, (3,1, X, p) (y, (¥) + yrtntly (¥) + v () %iy G2 (%, 1)
+(1/2)6 (N aija, (x, )¢, 1, A, p)C2(x, 0)9(y)yi) dp™ (x, £, y)dAdp = 0. (59)

Here and in the sequel the summation over r is carried out from r = 0 to r = d; moreover, xg := t.

Choosing the test function {3 = (o so as to have HCQNHCq(H) <cand oy —w lae. inllas N " +oco

and using the Lebesgue Dominated Convergence Theorem, we conclude that the function (o = 1 is
an admissible test function for the integral equality (59). Thus, from (59) we obtain the equality

/ b/(p)(CI (Xa i, )‘a PW’(Y)Z/O + ai)\(xv t )‘)Cl (Xa t, Avp),(p(Y)yl
IIxSxRS
—(1/2)V' (N aije, (%, )G (6,1, X, p) (g, (¥) + 4rtntby (y) + v ()i
—(1/2)b' (M@ (x, )Cra, (%, £, A, ) (Y, (¥) + 4wty (v) + b (¥)) iy
+(1/2)b,()‘)aljx] (X7 2(:)Cl (X, tv A,p)"ﬁ(y):’ﬁ) d:uAp(X7 ta Y)dAdp = 0. (60)
We take the test function (; in the form (39) which is admissible, since such function is symmetric
in A and p. Change the variable p in (60) with the variable kK = (p — \)/e and pass to the limit as € 0,

repeating the arguments carried out in § 6 in the derivation of the integral equality (41). Thus, from (60)
we deduce the equality

/ b (N)GCr N (y) (o + (ain + (1/2)6' (Naija, )yi) du (x, T, y)dA

IIxSExRy

- / (0 (V) G, Cr(Naij (y, (¥) + yryitby, (¥) + vrb(¥))yiy; dp™ (x, 1, y)dA
IIxSExRy

- / (V' ()2 ¢5Cr (N aiga, By, (¥) + yryidy, (v) + yr(¥))yiys du™(x, 1, y)dA = 0, (61)

HXSdXR)\

where (5 € C(IT), ¢7 € Co(R), and ¢ € C*(S?) are arbitrary test functions and % is odd.
The second integral in (61) vanishes by (22).
For the third integral in (61) we have
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Lemma 9. The following equality is valid:

(' ()G (%, 1) (N aija, (%, 1) (1y, (¥)

TIxSExRy
Yty (¥) + ¥ (¥))yiy; dp™ (x, ¢, y)dA = 0

for arbitrary (5 € C}(IT), ¢7 € Co(R), and ¢ € C*(S?).
PROOF. First consider the case when A is a diagonal matrix
A(x,t) = diag(ai1(x,t), a2 (x,1t),...,a44(x,t)), ai(x,t) >0 (GE=1,...

In this case (62) has the form

d
/ VOG0 DG S i, (5, D52 (. (3)
=1

TIxSExRy
Yty (v) + et (y)) dp (x, 8, y)dA = 0.

Recall that, by Corollary 1, the measure p* is supported in

d
M, = {(x,t,y) eIl xS?| Zaii(x,t)yi2 = O}

i=1
for a.e. A € R. Hence, we conclude that (63) is equivalent to the equality

d
/Z / (B'(N)2¢G(x,1)Cr(N)

Ry "OMNMg
d
X i, (5, 1)Y7 (U, (¥) + Urtnhy, (v) + 90 (y)) dp (x, £, y)dA = 0,
=1
where

d
M3 = {(x,t,y) el xs?| ZaiimT(x,t)yf # 0}, r=0,1,...,d.
i=1

Giveni=1,...,dand r =0,1,...,d, consider the sets

M, = {(x,t,y) € II x s¢ | iz, (X,t) # 0, y; # 0}
= ({(x,t) € I | ajia, (x, 1) # 0} x {y € S*| y; # 0}).

The set MJ is a subset of U?Zl M3, since the inequality ajiz, (X,t)y? # 0 at some
possible only if there is at least one value i € [1,...,d] such that a;;;, # 0 and y? # 0.

(M1 N M3) C <M1 N (Q Mg;.)).

(62)

d).

(63)

(64)

point (x,t) € Il is
Thus,

Consider M1 N M5, i=1,...,d,r =0,...,d. We have y? # 0 and a;;z, (x,t) # 0, but a;(x,t)y? = 0;

hence, a;;(x,t) = 0. So, My N M5, = {(x,t) € I | a;(x,t) = 0, aiz, # 0} x {y € S|

yi; 7 0}. The set
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{(x,t) € I | aii(x,t) = 0, ajiz, # 0} is obviously a set of Lebesgue measure zero. It follows from here

and the embedding
d d
(MyNMj) C <M1 N (U Mgi)) = (U <M1 N M;;))
i=1 i=1

that M; N M3 is a subset of .#" x S¢, where 4" = U;-izl{(x,t) € IT | a;i(x,t) = 0, ajz, # 0} is a set of
measure zero.

Thus, the integration with the respect to the H-measure u™ in (64) is carried out over a set lying
in the direct product of the unit sphere S¢ and a set of Lebesgue measure zero on II. From here and the
fact that, by the assertion 3 of Lemma 3, the H-measure ™ is absolutely continuous with respect to the
Lebesgue measure on II, we obtain (64). The proof of the assertion of Lemma 9 in the case of a diagonal
matrix A is complete.

We turn to proving the assertion of the lemma in the case of a nondiagonal matrix with constant
rank dy. Since the matrix A is symmetric, nonnegative definite, and twice differentiable (as a function
of (x,t) — A(x,t)), there is an orthogonal dxd-matrix Q(x,t) = (;;(x,t)) which transforms A to diagonal
form for arbitrary (x,t) € II: A(x,t) = Q*(x,t)G(x,t)Q(x,t), G(x,t) = diag (g11(x,1), ..., Gdydo (X, ),
0,...,0), and g;; > 0 (i = 1,...,dp). Moreover, since a;; € C2_(II), the theorem on the differential
properties of families of symmetric operators [22, Chapter II, Theorem 6.8] implies that we can choose @
so as to have

0i; € Coc(), g € Co.(M), i,j=1,...,d. (65)
In the integral equality (22) and the third integral in (61), for all (x,t) € II we denote
d
Yb:yo, Kzzgljyj (’L:l,,d) (66)
j=1

By above the operator © : y — Y defined by (66) is a unitary operator in R4t for all (x,t) € II. The
family {O(x,t)} is twice continuously differentiable on II. Hence, the vector Y = (Yj,...,Y;) belongs
to S for all (x,t) € IT and y € S%. Moreover, Y depends smoothly on x and .

Substituting Y for y and using the representation of the H-measure u** in the form du™(x,t,y) =
doy(y)dxdt (see the assertion 3 of Lemma 3), we conclude that (22) is representable as

/( / Zb )gis (6, ) Y2E(x, £, A, Y) d6 (Y )dxdt) dr =0, (67)

Ry “IIxSd

where {(x,£,A\,Y) = ¢(x,t,\,0*(x,1)Y) and 623(Y) = 02}(0*(x,)Y). Since ¢ € Co(II x Ry; C(SE))

is arbitrary, Z is arbitrary as well and belongs to the class Cy (H X Ry; C(Sgl/)). By the above properties

of the mapping o7} and the operator @ the measure-valued mapping 5** is nonnegative and belongs to

the class L2, (H,M(S‘{,)). Thus, in terms of the vector Y, the integral equality (22) has the same form
as in case A is a diagonal matrix.
Introducing the notation (66) in the third integral of (61), we arrive at the equality

/ (b (X)?C5Cr (N asja, (by, (¥) + vrtntly, (¥) + v (¥)) vivy dp™ (%, £, y)dA

IIxSExRy
do
/ / / (AN (Giia, Y + 96YiYia, ) Ur(Y) dop} (Y ) dxdtd), (68)
Ry II sd =1
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where ¥,.(Y) is the expression obtained from vy, (y) + yry1¥y, (y) + y-9¥(y) after substitution (66).
By (67), the H-measure di™ (x,t,Y) = d&%é (Y)dxdt is supported in the domain

do
M, = {(x,t,Y) e xS ) gi(x, )Y = 0}

=1

for a.e. A € R. Consequently, (68) is equal to the sum of the integrals

/ / b, §5<7 Z gmxTY \I’ dO'/\A< )dthdA

Ry M;
do
/ / (M) (N 966YiYia, U (Y) diyy (Y ) dxdtd . (69)
Ry M =1
Note that the values Y; are equal to zero on the set My for i =1,...,dp, for g; is positive. Hence, both

integrals in (69) and the third integral in (61) vanish. The lemma is proven. [
By Lemma 9, it follows from (61) that

b' (NG5 (x, )G (M) (Yo + (ain(x,t, A)
IIxSExRy
+(1/2)b/()‘)aijivj (X7 t))yi)dlu’/\)\ (X7 t, Y)d)‘ =0 (70)

which implies (23) in view of the arbitrariness of (5, (7, and ¥ and the oddness of ¢. Theorem 3 is
proven.
§ 8. Proof of Theorem 2

It follows from Condition G and Corollary 1 to Theorem 3 that the H-measure p* is identically

zero for a.e. A € R. From here and the assertion 4 of Lemma 3 we conclude that f*(-, -, \) k? fGN)
—+00

strongly in Llloc(l'[) for a.e. A € R and almost everywhere in II x Ry. Since f* can take only two values 0
and 1 and f is monotone nondecreasing and right continuous in A for a.e. (x,t) and such that f =0 for
A< —uy and f =1 for A > uy, f has the form

1 for A > a(x,t),

71
0 for A <a(x,t) (71)

ot = {

with some function @ € L*(II), ||@||fee < us. It follows from (11) and the limit relations (12) and (13)
that @ coincides with the weak limit v = w-lim «* and ||u”|| r2(2) = |lullp2(g) for every measurable
k400 k /+oo

set 2 C II. Therefore, u” . /—> u strongly in L2 (II) and hence in L{ (II). Theorem 2 is proven.
+oo

8§9. Proof of Theorem 1

Introduce the parabolic approximation of (1):
ug + O, i (X, t,u) — Op, (aij(x,1)0x;b(u)) — Eaiziu =0, >0, (72)
which is closed with the initial data (1b).
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The basics of the theory of second-order parabolic equations claim [1] that (72), (1b) has a unique
smooth solution u, for every fixed € > 0. The maximum principle and the first energy inequality yield
the following estimate:

—uy < ue < uy a.e. in 11, ||AVmu5||%2(Q) + 5||qu5|]%2(3) < ¢(2), (73)

where 2 C II is an arbitrary bounded domain with a sufficiently smooth boundary and the constant
¢(2) is independent of .
Note that (72) admits a kinetic formulation of the form (9) in which

dme(x,t, \) = €0z, ucOp Ue Ay, (2,4)(N)dxdt, (74)

and we can choose a subsequence € = ¢}, such that the limit relations (12) and (13) hold for u., and f, .
Carrying out the same arguments as in the proof of Theorems 2 and 3 and Corollary 1 in §4-§ 8 for this
kinetic formulation, we establish (dropping down to a subsequence of ¢, if need be) that

Ue,, k/—+>oo u strongly in L (IT). (75)

Now, multiply both sides of (72) by (¢'(u), where ¢ € C?(II) is an arbitrary nonnegative function
vanishing in a neighborhood of the plane {t = T'} and at large |x| and ¢ € C2_(R) is an arbitrary convex
function, and then integrate over II, to obtain the equality

/ (Cep(ute) + Coni (3, £, ue) — (! () Diyai (3, 1, 1)

II
+CD1’1 a; (X7 ta u€) + w(ué-:)axl (az] (Xa t)ax] C)
—C" (ue )b (ue) (e (x, ) Oy, ue ) (u (%, t)0z ;ue)
Fep(ue) 0 5, C — 0" (ue) By ucu,ue) dxdt + /@(UO)C(& 0)dx = 0. (76)

Rd

By the limit relation (75), the inequality

/ eCp" (ue) O, U0z, ue dxdt > 0
11

and the well-known lower semicontinuity property
lim [ (" (ue)b' (ue) (cvir(x, 1) O ue ) (e (X, 1) O juc) dxdt
e\
I

> /Cgo"(u)b'(u)(ail(x,t)amu)(alj(x,t)@x].u) dxdt
I

of convex functionals (for example, see [23, Chapter 1, § 1.1.3; Chapter 2, § 2.3, Proposition 2.3.2]), letting
e \ 0, from (76) we derive (7). Theorem 1 is proven.

The author expresses his gratitude to Professor of Novgorod State University E. Yu. Panov for a series
of critical remarks and suggestions which enabled the author to improve the original text essentially. The
author is also grateful to I. V. Kuznetsov, his colleague from the Lavrent’ev Institute of Hydrodynamics
for many useful discussions.
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