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A Cauchy problem for the Tartar equation
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In order to study weak limits of quadratic expressions of oscillatory solutions of partial differen-
tial equations, there was proposed a construction of H-measures defined on the space of positions
and frequencies. The present paper is devoted to the investigation of the Tartar equation
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which describes the evolution of H-measure p,; associated with a sequence of oscillatory solutions
of the linear transport equation

2
Op + Z 00z, p = 0
i=1
in cases when a given solenoidal velocity field v(«,t) is sufficiently smooth. Here, (t,x,y) €
(0,T) x 2 x S', 0 < T < 400, Q is a bounded open subset of R? and S! is the unit circle in R?,
given coefficients Y;; = Yj;(y) are infinitely smooth.

Assuming that v belongs to La(0, T'; H} (£2)) we establish the well posedness of Cauchy problem
for the Tartar equation in the same measure class as the H-measures are in. For this purpose,
we develop and use an extension of the theory of Lagrange coordinates for a case of non-smooth
solenoidal velocity fields.

1 Introduction

1.1 Foreword

The linear transport equation of the form

Op(x,t) +v(x,t) - Vep(x,t) =0 (1.1)



is a part of a large variety of mathematical models of continuum mechanics. Once (1.1) allows
for a sequence of highly oscillatory solutions, there arises a question of studying an evolution
of such oscillations. Assuming, in line with later considerations in the present paper, that a
sequence of solutions {p.(x,t)}.so is defined in the cylinder  x [0,7] (2 C R?, T' < +00)
and tends to some limit p* weak™ in L. (2 x [0,7]) as ¢ — 0, this question amounts to
asking to describe the set of weak limits f*(x,t) :w—liir(l) f(pe(x,t)) for all continuous f.

There does not exist a universal method for the investigation of all problems like this.
Each of the existing approaches covers a certain class of situations. The focus of the present
work is on H-measures, proposed by Tartar in [26] and by Gerédrd in [10] (Gerard called these
objects microlocal defect measures). H-measures contain information about weak limits of
sequences {p-p1.A[p2p:]}, where A is an arbitrary pseudodifferential operator of zero order
and 1, @9 are arbitrary compactly supported continuous in 2 functions. It is shown in [10],
[26, §4.2] and [27] that this tool can be successfully applied for studying the limit regimes
appearing as ¢ — (0 within the frameworks of models describing a motion of continuous media
having either small asymptotic or shear structures. Also, a set of compactness results can be
obtained by the systematic use of H-measures (as in [17]-[19]) for sequences of oscillatory
solutions of quasilinear hyperbolic equations of the first order.

Whenever an object like H-measures is used in problems concerning oscillations, it is
strongly desirable to describe its evolution on a macroscopic level. Usually this means to
obtain an evolutionary equation independent of €, such that the considered object solves it,
and thus can be determined directly from the data given at the time t = 0 without shifting to
the microscopic level and dealing with the sequence {p.(x,t)}.

The present paper is devoted to the analysis of the equation that describes the evolution
of H-measures associated with a sequence of solutions of (1.1). Here, it is called the Tartar
equation, in line with the original idea on transport properties of H-measures that was pro-
posed and developed by Tartar in [26, §3]. The precise notions of H-measures and the Tartar
equation will be given in §1.2. Our research is somewhat similar to that involving the use of
the concepts of Young measures and Wigner distributions. These tools are very similar to
H-measures and are used to answer questions concerning the appearance of oscillatory solu-
tions of partial differential equations (PDEs). In many cases, Young measures [32] provide
the best means of investigating the behaviour of weakly convergent sequences under super-
positions of nonlinearities, as they may have a good structure and even lead to the identity
[z, t) = f(p*(x,t)) a.e. in Q x [0,T]. Examples of such situations and the corresponding
transport properties of Young measures can be found in [5], [7], [14]-[16], [24]-[27]. Wigner
distributions [31] are intended, in particular, for holding information about weak continuity
properties of quadratic forms on spaces of solutions of linear hyperbolic systems [3]. There-
fore, Wigner distributions are a good tool for analyzing the transport of wave energy density
in the cases when such systems describe wave motions possessing high-frequency asymptotics
[20].

We end our foreword by outlining the notations of the paper. From now on, we suppose
that Q is a bounded open subset of R? with a smooth boundary 9Q, Qr = Q x [0,T],
0 < T < +oo; St is the unit circle in R%2. We denote 9; = 9/0x; (i = 1,2), 9, = 9/0k,



Oy = 9/0y, where © = (11, 13), t, and y are elements of the sets Q, [0, 7], and S*, respectively,
V.a = (O1a,02a); Vya = ||0;a;lij=12 and div,a = 01a1 + Oqa2. If a satisfies div,a = 0,
then a is called a solenoidal vector. a o b denotes that function b is under superposition of
functions a; the same notation is used for operators. A : B represents the sum
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and (g1 % @2)(x) = [q p1(x — y)p2(y)dy is a convolution of the functions ¢; and .
Functions defined merely on € and undergoing integration with respect to & over R? are
supposed to be extended outside €2 by zero.

The other notations in the paper either do not differ from well-known and commonly
accepted ones or are to be introduced as soon as it is necessary.

1.2 Notions of H-measures and the Tartar equation

The definition of H-measures is based on the following fundamental theorem [26, theorem
1.1 and corollary 1.2].

THEOREM H (Existence of H-measures). Let U. — 0 in Lo(2) weakly as € — 0. Then,
after extracting a subsequence (for which the index ¢ is preserved), there exists a non-negative

Borel measure p on xS, such that, for all compactly supported (in 2) continuous functions
01, @2, and every pseudodifferential operator A : Lo(R?) — Lo(R?) of zero order, one has

{1, aprips) = lim / p1U-AlpoU.]de, (1.2)
E— Q
where a € C'(S') is the principal symbol of A.

We remark that the linear span of the set {ap1pa} is dense in Co(Q) x C(S). Recall
that in terms of the Fourier transform F,

Flul(e) = / exp(2riz - £)u()dz.

the operator A is defined by the formula F[A[u]](§) = a(&/|€|) F[u](§). Thus, due to Parse-
val’s theorem, the identity (1.2) has the form

(s apps) = i [ PloU1(€) ole/ 6 FTAUT@0de
Here, the bar denotes complex conjugation.

DEFINITION 1.1. The measure p is called the H-measure associated with the extracted sub-
sequence of {U.}.



Now, suppose that coefficients vy, vy in (1.1) are in C'(Qr) and a sequence p.(x,t) of
solutions of (1.1) converges in L. (Qr) weak™ to a limit p*(x,t) as € — 0. The supposition of
existence of such a sequence makes sence because of the theory of linear transport equations
(for details see lemma 2.1). Consider a family of H-measures {u;} associated with the
extracted subsequence of {p. — p*}, depending on ¢. Evidently, y; is defined for almost every
t € [0, 7). Similarly to [26, Theorem 3.4], one establishes that p; solves the equation

T
/ <Mt, @tq) + {Ulél + Ugfg s (I)} + <I>div1'0>dt + (,ut|t:0, (I)|t:0> = 0, (13)
0

where (t,x,&) € [0,T] x Q x R?2, & = ®(t,x,&/|€|) is an arbitrary test function of a class
CH[0,T] x Q x S'), satisfying ®|;—r = 0 and the Poisson bracket has the form {«, 3} =
Vea - Vo8 —Vea - V3. We remark that differentiating a test function ® with respect to §;
(1 = 1,2) does not output integrands off the domain of definition of measure y; because the
Poisson bracket in (1.3) is continuous in [0, 7] x € x S! and homogeneous of zero order with
respect to the variable &.

If we parametrize the unit circle S' by means of the angular coordinate y, so that S* =
{y(mod 27)}, and change variables &, & to y, r by the formulae & = rcosy, & = rsiny,
where 7 is the radial coordinate on the plain, then (1.3) takes the form

T
/ <,Ltt7 3t<13 + dlvx((I)'U> + (Y . va)ayq)ﬂlt + <,ut|t:07 ®|t:0> = 07 (14)
0

v — ( —%sinQy cos? y )

—sin’y % sin 2y

where

and ® = ®(t,x,y) is a test function satisfying ® € C1([0,T] x Q x S, ®|,—r = 0.
In the sense of the theory of distributions, equation (1.4) is equivalent to the linear partial

differential equation
@t,ut +v- Vx,ut + 8y([LtY . VI’U) = 0. (15)

DEFINITION 1.2. Equation (1.5) is called the Tartar equation.

If a velocity field v = (vy,v) in (1.1) is nonsmooth, i.e. in Ly(0,7; WZ(Q)), then the
relevant equation (1.5) takes place for H-measures as well. This fact was rigorously obtained
in [22] in view of a problem of the motion of a nonhomogeneous viscous incompressible fluid
[1] in a case of absolute values of highly oscillatory distributions of density being uniformly
bounded in 2.

Besides [22, §2], the H-measure p; is absolutely continuous with respect to the Lebesgue
measure on 2, and, as a functional on C(QxS), admits natural expansion onto Ly (Q2, C'(S*)).
Due to the Lebesgue — Nikodym theorem [2, ch. V, §5.5], these properties imply that the
H-measure y; is a natural continuation of some mapping v, € Lg(Q, M (S')) into the
space of Borel measures on 2 x S'. That is, for any function ¢ € Ly(Q2,C(S)) for a.e.
t € [0, 7] one has

(i, ) = / (Voo (. ))dz. (1.6)
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Thus, we denote

dps(x,y) = dxdv g (y).

NOTATION 1.3. In the above formulations we have introduced Lo (Q, M (S')), which is
the space of weakly measurable (with respect to the Lebesgue measure on ) mappings
x — A, of Q into M (S') equipped with the norm

1/2
Mo rt 510 = ( / ||Ax||2dw) VA € Lo (Q, Mo (S1)).

M (S) is the set consisting of non-negative measures from the dual space of C(S') and
| - || is the norm in M, (S') defined by the formula |[A]| = (A, 1) YA € M, (S!) (for detalils,
see [2, ch.III, §1.6]).

1.3 Main results

In line with the topics of the previous paragraph, there arises the question of finding the
minimum regularity conditions on (v, v9) providing the well posedness in the class of non-
negative Borel measures on € x S! of Cauchy problems for (1.5), with initial data p|—o = po,
such that dug(x,y) = dedvy.(y), vo € Law(Q, M, (S')). In the present paper, we give an
answer to this question in the case of solenoidal velocity fields v(x,t).

THEOREM 1.4 (On the well-posedness of Cauchy problem for the Tartar equation.) If

v € Ly(0,T;J (Q)) and the non-negative measure o defined on € x S' is such that
dpo(x,y) = dedvy.(y), Yo € Law(Q, M, (SY)), then the Cauchy problem for (1.5), with
Cauchy data puli—0 = po, has a unique non-negative solution p; such that du,(x,y) =
dxdvy . (y), v € La(0,T; Lo (Q, M (S1))).

NoTATION 1.5. JY(Q), J(Q) are the closures in W3 (Q2) and Ly(f2), respectively, of the set
of infinitely smooth solenoidal vector functions, compactly supported in 2.

The main obstacle in the justification of this theorem is as follows. Rewriting (1.5) in the
equivalent form Oyp+div, , (1, V') = 0, where V' = {vy, ve, Y : V,v}, it is easy to observe that
V' is not essentially bounded in [0, T] x © x S. Hence it is impossible to use the well-known
technical method [6] based on use of Grownwall’s lemma for establishing a priori estimates
for solutions of (1.5). Therefore, the original idea on verification of theorem 1.4 consists of
the use of the Lagrangian representation of (1.5) and is based on an assumption that more
simple forms of the equation would provide a way to overcome the aforementioned obstacle.
However, the legitimacy of changing Eulerian variables to Lagrangian ones was justified for
velocity fields v(x,t) that were at least in Li(0, T; WZ(Q2)) (2 C R?) [9], and the question
of less smooth v(x,t) was still open. In order to complete this case we propose the concept
of Lagrange transforms, which extends the theory of Lagrange coordinates into the case of
solenoidal velocity fields being in L. (0, T; W.1(£2)).

5



Lagrange transforms appear by virtue of the Lagrange operator, which we define as fol-
lows. For any fixed ¢ € [0,7] and for a function f(-,t) € L,(£2), denote a solution of the
Cauchy problem

Qr: O,FY + divy(v(z,s)FY) =0, Q: FO(x, )| = fla,1)

by F®(x,t). Recall that if f € Ly(0,T; L,(f2)) then, for a.e. t € [0,7], there exists a
unique solution F®(z, s), belonging, as a function of x, s, to either C([0,T]; L,(£2)) (in the
case p < 00) or Loo(Qr) NC([0,T); Ly(£2)), with p’ < oo arbitrary (in the case p = o0) [6,
corollaries I1.1, I1.2].

DEFINITION 1.6. The Lagrange operator L : L,(£2) — L,(Q) associated to a velocity field
v, is defined by L[f](x,t) = F®(x,0), t < [0,7].

DEFINITION 1.7. L[f] is called the Lagrange transform of f.

We will prove in §2 that the operator £ has the following properties.

PROPOSITION 1.8. If f € Ly(0,T;L,(Q)), v € L,(0,T; W2(Q) N J(Q)), then we have the
following.

(1) L[f](x,t) is measurable in Qr.
(2) LIf] € Ly(0, T Ly(2)).
(3) ILLf1llzy0.7:Lp @) < I fllLooriz, () (the equality holds if p < o0).

(4) If v € CY([0,T];C5(2) N J(Q)) and mapping f = Qr — R, f € CHQr), is repre-
sented in Eulerian coordinates then the identity L[f](§,t) = [fle(&,t) holds, where [fl¢ is a
representation of f in Lagrangian coordinates.

(5) There exists an operator L' which is inverse to Lagrange operator L. That is,
Lo L7 and L7 o L coincide with the identity mapping in L,(Q) for a. e. t € [0,T]. For L
replaced by L~ the assertions 1-3 hold true.

(6) Ifv e CH[0,T]; C5(2) N J(R)) and function [fl¢ : Qr — R, [f]e € CH(Qr) is repre-
sented in Lagrange coordinates then the identity L7[[f]¢](x,t) = f(z,t) holds, where f is a
representation in Fuler coordinates.

We remark that with the strength of assertions 4 and 6, the notion of Lagrangian trans-
forms is consistent with the classical concept of Lagrange coordinates.
In §3, using proposition 1.8, we will prove the following theorem.



THEOREM 1.9 (On the Lagrange representation of the Tartar equation). Let U be a 2 x 2
matriz consisting of the entries U;;(x,t) = L[Ov;|(x,t), i,5 = 1,2.

A non-negative Borel measure j; satisfying the condition dy(x,y) = daxd,(y), v €
Ly(0,T; Lo o (Q, M (SY))), solves the Cauchy problem for the Tartar equation (1.5), with
initial data pu|i—0 = po, such that

dpo(x,y) = dedv . (y), 1o € Low(Q, M, (SY)),

if and only if a non-negative Borel measure 1y, satisfying dni(x,y) = dxdl.(y), N\ €
Ly(0,T; Ly (Q; M (S1))), solves the Cauchy problem

@nt + 3y(77tU . Y) = 07 77t|t:0 = 1. (17)

Moreover, the relation (N, ¥) = L[(v,¥)] (x,t) holds for any function ¢ € C(S*) for a.e.
(w7t) € QT'

Finally, we will prove in §4 the well posedness of the Cauchy problem (1.7). Thus, thanks
to theorem 1.9, we will establish the validity of theorem 1.4.

2 Lagrange transforms

In this section, unlike the rest of the paper, we consider that a space domain 2 may be not
only in R?, but also in an arbitrary Euclidean space R”.

2.1 Preliminaries

We will repeatedly use the well-known properties of solutions of the Cauchy problem
Ou+v-Veu=0, ufymy=ug, x€Q, t,A€[0,T], (2.1)

in order to prove proposition 1.8, along with a set of auxiliary statements concerning La-
grange transforms, which will be employed for the verification of theorem 1.9. Therefore, it
is suitable to recall some of these properties.

If v and wg involved in (2.1) satisfy the conditions v € C'([0,T]; C{(Q) N J(Q)), uo €
C1(2), then (2.1) has a unique classical solution v € C'(Qr), and this solution has the form
23, §84-5], [13]

u(z, t) = ug (U (x)), (2.2)
where U2 . Q — Q is a shift operator, defined by the identity U2 (x) = £(s)|s=s,. Here,
(d/ds)€ =v(E,s), €|s=, = . The mapping U preserves a volume in the sense of the equality
det(QU2(x) /0x) = 1 Vi1, t5 € [0,T] [28, ch.II, §5, formula (I1.5-8)], and admits the group
property Ut o Ut2ts = U2 Vg, ¢y, t5 € [0, T].



LEMMA 2.1 (Solutions of (2.1) in Lebesgue classes). Let

v e L0, TsWH Q)N J(Q), uo € Ly(Q), (2.3)

where 1 <y < oo, p7t <1— (N —a)(aN)™" (in the case of N > «) or p > 1 is arbitrary
(in the case of N < ). Then the following statements are valid.

(i) There exists a unique solution uw € Lo(0,T5L,(2)) of problem (2.1). Furthermore, if
1 <p< oo, thenu e C([0,T]; L,(?)) [6, Corollaries I11.1 and II.2].

(ii) The equality ||u(t)|po = l|uollpo YVt € [0,T] holds true in the case of p € [1,00) [1,
Ch.1II, §2, Lemma 2.1]. The bound ||u(t)||cco < ||uollocn Vt € [0,T] holds true in the case
of p= oo [6, Formula (16)].

(iii) Let v, and ug, satisfy (2.3), with p < oo, and v, — v in L,(0,T; Wi () N J(Q)),
Upn, — ug in L,(Q) as n — oo. Let {u,} be a sequence of solutions of (2.1) with given
functions v and uy replaced by v,, and ug,. Let {u,} be bounded in Lo(0,T; L,(S2)). Then
u, — w in C([0,T]; L,()), where u is a solution of (2.1) with given functions v and ug [6,
Theorem I1./].

(iv) Let u € Loo(0,T; L,(S2)) be a solution of problem (2.1). Consider the function
U = U * we, where w. = e 'w(-/eV), w is an even function of class Dy (RY) with mean
value equal to zero. Then one has Oyu. + div,(vu.) = ., where r. — 0 in L,(0,T; Lg(K2)),
Bt =a"t+p~tin the case of « < 00 orp < 0o; 3 < oo is arbitrary in the case o = p = 0o
[6, Theorem I1.1].

We denote | - lye = I+ 1) ¥ q € [1, 50].
REMARK 2.1. If a sequence { f,(x,t)} is bounded in L. (Qr) and converges to a function f
in C([0,T]; L,(2)) Vp < 400 then f, — f in Lo (Qr) weak-star. This evident proposition

along with the assertion (iii) in Lemma 2.1 leads to the following.

COROLLARY 2.3. If hypothesis in the assertion (iii) of lemma 2.1 holds and a sequence ugy,
is bounded in Lo () then u, — u in Lo (Qr) weak™.

DEFINITION 2.4. A vector function X = X (x,t,\), where X;, i = 1,..., N, are solutions
of (2.1) provided with Cauchy data X;|—\ = z;, is called a flow.

Definition 2.4, the representation (2.2), assertions (ii) and (iv) of lemma 2.1 and corollary
2.3 directly imply the following lemma.

LEMMA 2.5 (On properties of a flow). If a velocity field v in (2.1) satisfies (2.3), then we
have the following.



(i) X = X(x,t,\) € QVt, A €[0,T] and for a. e. x € Q; [4, §1.2]

(ii) if f € CY(Q) and X. is the reqularization of a flow in the sense of assertion (iv) of
lemma 2.1 then f(X.) — f(X) in Ly, (0,T; Ly, (2)) V1, U3 < 00 and in Ly (Qr) weak™.

(111) Opf (X )+ vV, f(X:) — 0 in L,(0,T; Lg(Q2)), where (3 is defined in assertion (iv)
of lemma 2.1.

We denote by Q a closed set Q U 99Q.

2.2 Properties of Lagrange operator
2.2.1 Proof of proposition 1.8

Verification of the assertions 2—6 are simple, so, let us confine ourselves to the very scheme of
the proof. In the case of smooth v and f the assertion 2 clearly appears from the properties
of a classical solutions of (2.1). Assertion (iii) of lemma 2.1 makes it possible to extend
this fact onto the case of nonsmooth v and f. The bounds in assertion 3 are derived from
assertion (ii) of lemma 2.1. The correctness of assertion 4 is based on the representation
(2.2) for a classical solution of (2.1), which coincides with the representation of a function
f in Lagrange coordinates &. The inverse operator £~! can be introduced for a.e. ¢t € [0, 7]
by means of a solution of the Cauchy problem

O,RY +v(x,s) - V,RY =0, (z,5) € Qr, RY(x,s)|—o = flx, 1), T €,

using the formula £7'[f](x,t) = R®(x,t). Thus validity of the assertions 5 and 6 for
smooth v and f is evident due to the representation (2.2), and can be extended on the case
of nonsmooth v and f due to assertion (iii) of lemma 2.1.

Now, let us give a detailed justification of assertion 1, concerning the measurability of
L[f]. Notice that L,.(2) C L.(Q) Vr < oo, since 2 is a bounded domain. Therefore, it is
enough to confine ourselves to the case p < 0o, a < co. At first, assume f is in C*(Qr). Let

{v,} C CY([0,T],C3(2) N J(Q)), v,, — v in L,(0,T;W2(Q)) and L, is Lagrange operator
associated with v,. Definition 1.1 and the properties of a classical solution of (2.1) yield
L,[f] € C*(Qr). Due to assertion (iii) of lemma 2.1, the relation £,[f](-,t) — L[f](,t) in

L,(Q) Vt e [0,T] is valid. Hence L,[f] — L[f] a. e. in Q7. This means that if f € C*(Qr)
then L[f] is measurable in Q7.

Now assume f € Ly(0,T; L,(Q2)). Let f, € CY(Q7),n=1,2,..., f, — fin Ly(0,T; L,(Q)).
As it has just been proved, L[f,] is measurable in Q7. As a consequence of definition 1.6,
the linearity of (2.1) and the validity of the assertion (i) in lemma 2.1, one has L[f, — f] =
L[f.] — L[f] for n > 1. Moreover, due to the equality in the hypothesis in assertion (ii) of
lemma 2.1, we arrive at the identity || L[f.](-,t) — L[f](;)|lp0 = Ifu(st) — f(-,1)]|p0 for
a. e. t € [0,T]. This yields the limiting relation | L[f.](-,t) — L[f](-,t)|lpo — 0 as n — o0
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for a.e. t € [0,7]. Hence, L[f,] — L[f] a. e. in Q7. By this, we establish that L£[f] is a
measurable function, and thus conclude the proof of proposition 1.8.

2.2.2 Auxiliary properties of Lagrange operator

We need to establish some extra properties of Lagrange operator, which will be necessary
for verification of theorem 1.9.

PROPOSITION 2.6.
(1) If f € Ly(0,T; Ly () then [, L[fldx = [, fdx a. e. in [0,T].

(2) If fi € Lﬁz(OaTaLpz(Q))7 i =1,...,k, where Zf:lpi_l <1 Zf:lﬁ‘_l < 1, then

7

Llfi... fx] € Li(Qr) and L[fy ... fi|(x,t) = L] fi](x,t)... L[fe](x,t) a. e. in Qr.

(3) If fi € Li(Qr), i =1,...,k, then L[f1 + ...+ fx] € L1(Qr) and
LI+ ...+ fullx,t) = L[A] (2, t) + ...+ L[fi](z, 1) a. e. in Qr.

(4) If f € CH(Q7), X°(x,t) = X (x,t,0) is a flow in the sense of the definition 2.4, then
L[fo X )(x,t) = f(x,t) a. e. in Qr, where [f o X (x,t) = f(X(x,1),1).

(5) If f € C[0,T] then L[f](x,t) = f(t) V(x,t) € Q.
(6) If f(x,t) € Ly(0,T; L,(2)) and f(x,t) > 0 then L[f](x,t) > 0.

(7) If v, v € L,(0, T; WA(Q)NJ(Q)), v, — v in L,(0,T; W5, (), where ay < 00, ay <
a; Ly, L are Lagrange operators associated with v, v, respectively, and f € Ly(0,T; L,(Q2)),
where 1 < 9, p, then L,[f] — L[f] in Ly(0,T; L,(Q)) weak™.

(8) Assertions 1-8 and 5-7 hold true with L replaced by L.

Proof. For the sake of brevity, we omit proofs of the assertions 1-6, 8, because the methods
of proofs do not differ from those of the proof given for the assertions 2—6 of proposition
1.8. That is, we verify the assertions in the case of smooth v and f, and apply assertion
(iii) of lemmas 2.1 and 2.5 and proposition 1.8 in order to give an extension on the case of
nonsmooth v and f.

Now we give justification of assertion 7 in detail. On the strength of Banach—Steinhaus
theorem [12, ch.VII, §1, theorem 3], it is enough to prove that sup ||L,[f]]|£,(0,1:L,0) < 00

and

/Q V(. ) Lol f(, t)dadt — ; Vi, t)L[f](x, t)dzdt (2.4)
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for any V in some set being dense in the space Ly (0,T;Ly(Q)), p~t + (/) =1, 971 +
(W)t =1.

The estimates in assertion 3 of proposition 1.8 yield that L£,[f] is bounded in
Ly(0,7; L,(£2)). Let us construct a dense in Ly (0,7 Ly (Q2)) set of functions satisfying
(2.4). Thus, we will conclude the proof of the assertion 6. The assertion (iii) in Lemma 2.1
implies [|£,[f](t) — L[f](t)]|,o — 0 a. e. int € [0,T]. Hence, £,[f] — L[f] a. e. in Qr.
This fact along with Egorov theorem yields that for any € > 0 there exists a set Q_ET C Qr
such that meas Qr — meas Q5 < ¢ and L,[f](z,t) — L[f](x,t) uniformly in Q5. Hence,
[z Lulfldzdt — [, L]f]dxdt, where E is an arbitrary measurable subset of Q5. Consider
the sequence of numbers e, — 0 and the sequence of domains Q7 correspondent to it in the
sense pointed in the previous sentence. Consider the set consisting of characteristic functions
of all measurable subsets E(ex) in Q7, k = 1,2,.... At the end, it remains to note that the
linear span of this set is dense in Ly (0,77 L,y (€2)) [12, ch.III, §3, theorem 4, corollary 2|. [

3 Lagrange representation of Tartar equation

3.1 Definitions of measure-valued solutions of

Cauchy problems for Tartar equation and Equation (1.7)
Nonnegative measure-valued solutions of Cauchy problems for Tartar equation (1.5) and
Equation (1.7) are understood in the sense of the following definitions.
DEFINITION 3.1. By a nonnegative measure-valued solution of Cauchy problem for Equation

(1.5) we mean a measure g such that du(z,y) =  dxdy,.(y), where
v € Ly(0,T; Lo w(Q, M (S))), and for all 7 € [0,T] the equality

/ dt/ (0P +v-V, 4+ (Y :V,0)0,P)dp(z,y)
QxS1t

_ / (., )y (. y) — / (a, y, 0)dpo(x,y) (3.1)
Qx St OxS1

takes place. Here, ® € C'([0,T] x € x S') is a test function satisfying ®|sq = 0.
DEFINITION 3.2. By a nonnegative measure-valued solution of Cauchy problem for Equation

(1.7) we mean a measure 1, such that n(x,y) = dxdl\.(y), where
A€ Ly(0,T; Loy (92, M1 (SY))), and for all 7 € [0,T] the equality

/OTdt/Qd:L- /S (atq>+(U(a;,t) : Y)@@)dxt,x(y)
/daz/Sl VAo (y /dm/Sl 0)dN(y) (3.2)

takes place for any test function ® € L, (2, C*(S* x [0,7])). e
Remark that the first integral in the right hand side of (3.1) makes sense for any 7 € [0, T,
because whenever p; satisfies (1.5) in the sense of the theory of distributions, ¢t — p; is
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a weakly continuous mapping of interval [0, 7] into the space of Borel measures € x S
Verification of this is trivial and can be fulfilled similarly to, for example, [1, Ch. III, §1].
The same observation is true for (3.2) as well.

3.2 Proof of Theorem 1.9

At first, we prove that if u, is a nonnegative measure-valued solution of Cauchy problem for
Equation (1.5) then measure 7, defined in the formulation of Theorem 1.9 is a nonnegative
measure-valued solution of Cauchy problem for Equation (1.7).

Justification of this is based on a special choice of test functions in (3.1). Let ¢ €
CL(R), @2 € CY0,T), p3 € C*(S). Assume J°(x,t) = ((¢1 0 (X % w,)) * ©y)(x,t), where
X(x,t) = X(x,t,0) is a flow in the sense of Definition 2.1, w.(x) is a regularizing kernel
defined in Lemma 2.1, &, (t) = 0 '@ (to™!) is a kernel mollifying with respect to ¢, such that
w is an even function in the class D, (R) with the mean value equal to one. Introducing a
test function of a form ®.(x,y,t) = p7°(x,t)pa(t)ps(y) into the equality (3.1) we obtain

/ dt/ (atsﬁ‘fa(w,t)%(y)+v-Vms0‘{5(:v7t)so3(y)
0 Ox St

(Y : V) 7% (x, t)aygog(y)><p2(t)dut(w,y)

/ dt / @ 0D esl)d (. )
=/ 90‘{"5(33,T)soz(f)sos(y)dm(w,y)—/ @7 (2, 0)p02(0)p3(y)duo(x, y). (3.3)
QxS QxS

Due to Lemma ?? the set {¢7°(x,t)}c >0 is uniformly bounded in L (Qr), and the
following relations hold true.

©7° — 10 X" in Ly(Qr), and weak-star in L..(Qr), (3.4)
O] (1) = (p10 XO)(T), ©7°(0) — (1 0 XO)(O) in Ly(€2), and weak-star in L, (€2), (3.5)
O] +v-V,p]® — 0in Lo(Qr) (3.6)

as g,0 — 0, where ¥ < oo is arbitrary, (¢ 0 X°)(0) = ¢1() is true in view of the definition
of the flow. Passing to the limit in (3.3) and taking into account the hypothesis in Theorem
1.3 and relations (3.4)—(3.6) we arrive at the equality

/OT dt /stl ((901 o XY (x, )02 ()3 (y)
+(Y : V) (¢ oXO)(;,;,t)gag(t)ang(y)>dut(w,y)

- / (1 0 XO) (@, 7o) ps(y)dpir (@, ) — / o1 (2)2(0)23(y)dpn(. ). (3.7)
Qx st QxS1
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Using the representation (1.6) for measure p; this equality can be rewritten in the form

/OT dt/g((gpl o X%)(z, )dypa(t) /51 03(y)dvea(y)

+ 3 (010 X (a0 o.1) [

. Yij 3y903(y)dvt,x(y)) dx

= [ datero X @ n)en(r) [ ealvna(s) = [ dmr(@en) [ eman.). 63

Now there arises a question of extending the concept of Lagrange transform in order to
treat measures. An answer is given in the following lemma.
LEMMA 3.3 (On Lagrange representation of measures). If

v € Ly(0,T; Law(€, M4 (51)))
then there exists a unique measure X\ € Ly(0,T; Lo (Q, M (SY))) satisfying the identities

(Mg, ) = L[(v, V)|(x,t) YV € C(SY), for a. e. (x,t) € Qr; (3.9)
Azl = Lll|lv][](x,t) for a. e. (x,t) € Qr; (3.10)
and the bound

IS D ar < 1l pso.70sw@me s 1Pl La@rosty Y € La(Qr, C(SY)). (3.11)

This statement is also true with £ replaced by £L71.

Proof. Proposition 2.6 yields that L[(v,-)](z,t) is a linear functional defined on C(S")
for a. e. (z,t) € Qr. Indeed, due to the assertion 3 in Propositon 2.6 for all 1y, 1y € C'(S1)
the chain of equalities

LI, 1+ o)l(,t) = L[(v, 1) + (v, d2)|(2, 1) = LI v, Y)](@, 1) + L[, ¢2)](, 1) (3.12)

holds for a. e. (x,t) € Qr, and due to the assertions 2 and 5 for any function v (y) € C(S!)
and any constant c¢ the identities

Ll et)(@.1) = Lle (v (@, 1) = Ll (@, 1) L1, )@, t) = cLl(v, )@ 1) (3.13)

are valid a. e. in Q7. Since measure v, is nonnegative, the assertion 6 in Proposition 2.6
yields the inequality
L[(v,)](x,t) >0 for a. e. (x,t) € Qr (3.14)

for all nonnegative in S' functions ¢ € C(S'). Now suppose that v € C(S') is an ar-
bitrary (not necessarily nonnegative) function. In the strength of (3.14) the inequalities
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Ll Wellees) (@, £) = Ll 0))(@. ) and L, ). 1) = —L{w, [ o). 1) are valid

for a. e. (x,t) € Qr. Due to the assertion 6 in Proposition 2.6 we obtain

LU, ))(,1) < [6llosn L1y, V(@) for a. e. (z,t) € Q. (3.15)

The relations (3.12)—(3.15) yield that for a. e. (x,t) € Qr the functional (z,t) — L[(v, -)](x, )
defines a nonnegative Borel measure )\;, on S*. Thus, the formula (3.9) makes sense.

Uniqueness of measure \;, follows from the representation (3.9) along with the identity

L[0](x,t) = 0. Since

(Ma, 1) = L[, D](@, 1) = L[[|V[[](2,?) for a. e. (x,) € Qr
the formula (3.10) is correct. Next, if ¢ € Lo(Qr, C(S')) then

1) lnon < llmax 6] 0, )1, = [|max 0] 1], g,

Estimating this expression by means of Cauchy—Schwartz—Bunyakovskii inequality we arrive
at the bound

N D e < 1V La@rcs ) M 220,73 L2 v (@M (51))) - (3.16)

In completion of the proof of the lemma, notice that the equality ||A|| 1,071 (@M. (51)) =
V]| £o(0.7; 220 (2.M4 (51))) hOlds true due to (3.10) and the assertion 3 in Proposition 1.8. Hence,
in view of (3.16), the formula (3.11) is valid. A

Turn back to verification of Theorem 1.9. Consider Lagrange transforms of the functions
involved in (3.8). Denote

(Ats p3) = L[, p3)] (2, 1), (3.17)
(M, YijOypp3) = LI(v,Y;;0,03)](x,t), 4,5 =1,2, (3.18)
Uij(x,t) = L[Ovj|(x,t), i,j=1,2. (3.19)

Observe that U;; € Lo(Qr), i, = 1,2, due to the assertion 2 in Proposition 1.8, and
A€ Ly(0,T; Lo (2, M (S"))) due to Lemma 3.3. The assertion 4 in Proposition 2.6 yields

Llp1 0 X%(x,t) = pi(x), = e (3.20)

Using (3.17)—(3.20) and basing on Proposition 2.6 we rewrite (3.8) in the equivalent form

/OT dt/Q (901(90)@902(75) /31 ©3(y)dA2(y)

+ 3 @)Uy (@t) [ Yooali)dhesly )dw
- [ @wa@ee [ @i - [ @a@eno) [ b, 62
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Here, in line with Definition 1.4 of Lagrange transform we have X\ ,(y) = vp.(y). Also,
in view of Definition 3.2 let us denote by 7, a measure defined on Q x S! by virtue of the
decomposition dn(x,y) = dedA; ().

Any function ® € L, (9, C*(S* x[0,T])) can be approximated by a sequence of functions
®,, from the linear span of the set {¢1(x)pa(t)p3(y)| w1 € CH(Q), w2 € CH0,T], p3 €
C'(SY)} in the way that @, — ® weak-star in L..(Q, C*(S' x [0,T])). In the strength of
this limiting relation, Lemma 3.3, and the hypothesis in Theorem 1.9 the integral equality
(3.2) follows from (3.21).

By this we have proved the straightforward assertion in Theorem 1.9. That is, we es-
tablished that a L-image of a nonnegative measure-valued solution of Cauchy problem for
Tartar equation is a nonnegative measure-valued solution of Cauchy problem for Equation
(1.7).

Now, we will prove the inverse assertion in the theorem. That is, we will prove that
L~ image of a solution of Cauchy problem for Equation (1.7) solves Cauchy problem for
Equation (1.5).

The proof is based on the special choice of test functions in the integral equality (3.2).

Assume {v, } € C'([0,T], C{(Q)NJ(Q)), v, — v in Ly(0,T; J(Q)), where v is a vector-
field associated with Lagrange transform L. Denote by U%' the shift operator associated
with v,,. Let ¢, € C0,T], po € CH(SY), p3 € C}(2). Introducing into (3.2) a test function
of a form ®(t,z,y) = ¢1(t)p2(y)ps(U%(x)) and observing that due to the definition of shift
operators stated in §2.1 the formula

0.t
Uy (@) _ v, (U (), 1) (3.22)
dt
holds true, we arrive at the equality

[t [ de (9 0e@i@)+ 0 (Tume @) [ abava

+ ) o1()ps(UY () Uy (, 1) /S 1 Y;j(y)é‘ysoz(y)dkt,x(y)]

- / 0z 01 (7)ps (U () / o))~ / 0z 01(0) 03 () / ean)dos(y). (3:23)

In the strength of the assertion 4 in Proposition 1.8 we have p3(U% (x)) = L, [p3](x, t) and
(Vapz 0 U2 () = L,[Vaps)(z,t). Also, in view of (3.22) (d/dt)U% (x) = L,[v,](x,t) takes
place.

Let us introduce these expressions into the equality (3.23) and pass to the limit as n — oo.
In the strength of the assertion 3 in Proposition 1.8 the equalities

£n[vn] (wv t)ﬁn[vxSOS] (CU, t) =L, [vn - ’U] (.’137 t)ﬁn [szoiﬂ (LB, t) + L, [v] (ZIZ, t>£n[vx§03] (CC, t)

are valid a. e. in Q7. As a consequence of the assertion 3 in Proposition 1.8 the identities
1£[0j0ni — Ojvilll2.0r = 1|050ni — Ojvill2.0r, 4,7 = 1,2, take place. Hence, £,[v,, —v] — 0
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in Ly(0,7; W5 (2)). Tt follows from the assertion 7 in Proposition 2.6 that £,[p3] — L[]
weak-star in Lo (Qr). Finally, £,[v]L,[V.e3] — Llv - V,ps] weakly in Lyo(Qr) due to the
assertions 2, 7 in Proposition 2.6.

From (3.23) on the base of just established limiting relations we obtain that

/0 Lt / 0z |(Do1 (1) Llos) (@, ) + o1 (D) Lo - Vs (@, 1)) / o2 ()dMea(y)

Sl

+ Y Ll @ OV @.t) [ Yidyean)dral)

i,j=1 S

= /Q dx o1 (7)L{ps] (, t) /S Pa(y)dAes(y) — /Q dzx p1(0)s(x) /S ea(y)droa(y). (3.24)

In view of Lemma 3.3 it occurs that L7'[(\, p2)|(2,t) = (Y14, p2) a. e. in Qr. Hence,
Mz, p2) = L[V, p2)](x,t) a. e. in Qr, where measure v € Ly(0,T; Lo (Q, M, (S1))) is
defined in the formulation of Lemma 3.3.

In the strength of Propositions 1.8 and 2.6 the equality (3.24) takes form

/OT dt/gﬁ[(at%% + 10 - V,3) /51 ©a(y)dv(y)

2
= Y et [ Vidyealwin (). o

= /Q p1(7)L {903 /S 1 s:(y)dl/(y)} (, 7)dw — /Q dxp1(0)ps(x) /S ea(y)dvoa(y). (3.25)

Basing on the assertion 2 in Proposition 1.8 we finally deduce the equality

/ Lt / Bur (Do) es(@) + v(, 1) - Vaios (@)1 (£)a(y)
0 Qx St
+01(t)0yp2(y)e3(x)(Vev oY) dpe(, y)
- | amema@de@n - [ a0ab)a@d). (626

Qx St

Here, in line with Definition 3.1, we define dyu(x,y) = dadv, ,(y).

Observe that the linear span of the set of functions {¢1(t)e2(y)ps(x) |
o1 € CY0,T), v2 € CH(SY), 03 € CH(2)} is dense in the set of finite in Q functions from
CH[0,T] x ©Q x S'). Therefore (3.26) implies the equality (3.1). This means that p; is a
measure-valued solution of Cauchy problem for Equation (1.5). A

4 Proof of Theorem 1.4

In the strength of Theorem 1.9 for verification of Theorem 1.1 it is enough to show that there
exists a unique measure-valued solution (in the sense of Definition 3.2) of Cauchy problem
for Equation (1.7) provided with initial data defined in the hypothesis in Theorem 1.4.
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4.1 Existence of solution

Let U. € CY(Q7) and n5 € C*(Q x S') are smooth regularizations of data provided for
Equation (1.7) such that 75 > 0 in Q x S* and

U. — Uin Ly(Qr), n5 — no weak-star in Lo, (9, M, (S)). (4.1)

Remark, that such a choice of regularizations is both consistent and clear in view of the
theory of distributions [29, Ch.II, §7.9]. Consider the regularized problem

om; +0,(f Y : U.)=0, (t,z,y)€[0,T] x QxS

N 4.9
M@, ) o = (@ y),  (@,y) € Q2 x S (42)

Due to the theory of linear PDEs of the first order [23, §§4-5] this problem has a solu-
tion 7 (z,y) € C1([0,T] x Q x S') which obviously admits the decomposition dn(z,y) =
dxd); . (y), where X € Ly(0,T; Ly (€2, M(S"))) because 7; is in sufficiently regular class.
Multiplying both sides of (4.2) by a function ® € C'([0,T] x 2 x R) and integrating with
respect to t and y over S* x [0, 7], 7 < T, we obtain

[t [ @@+ @ vio@a.o) = [ srenix.m)
0 S1 St
- / (0, y)dN; ,(y) far all z € Q. (4.3)
S’l

Consider the Cauchy problem for the dual equation of (4.2).

0P, + (Y : U.)0,®. =0, (t,x,y)€[0,T]xQ xS,

O, |i=r = (1, 2,9), (z,y) € Q x St (4.4)

Recall [23, §§4-5] that it has a unique solution ® which is in class C*([0,T] x Q x S*) and
has a form ®.(t, x,y) = ®(7,U""(x,y)), where U" is a shift operator defined by the identity
U4 (x,y) = p(x,y,s)|s—. Here, ¢ is a solution of the Cauchy problem for the system of
ordinary differential equations

(d/ds)p1 =0, (d/ds)p2 =0, (d/ds)ps=U:(1,¢2,5):Y(p3),
901|5:T = T, ¢2|S:T = X2, 903|s:7' =1, Yy e Sl'

Let ®(7,x,y) in [0, T] x 2 x R is greater than or equal to zero. The solution of the problem
(4.4) provided with & standing for Cauchy data is nonnegative. That is, ®.(¢,x,y) > 0 in
[0, 7] x  x S'. Introducing this function into (4.3) we establish that

/31 (7,2, y)dN; ,(y) = /S (0, ,y)dXg . (y) >0

since \j, is a nonnegative measure for all € (2. It follows from this bound that A;, is a
nonnegative measure for all (z,t) € Qr and all ¢ > 0.
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Let us obtain an estimate for the norm of the measure A\°. Introducing the test function

d=11in (43) we get <)‘f€r,x7 1> = <)\67x, 1> Hence ||A§||L2’W(Q7M+(sl)) = ||>\(€)||L27W(Q’M+(Sl))
vVt € [0,T]. Taking into account the limiting relation (4.1) we obtain

A || 2o 0,73 20w (@M (51))) < Cos (4.5)

where Cy is independent of & and depends only on the norm of A in Lg (2, M, (S1)).
Integration of (4.3) with respect to @ over 2 leads to the equality

/OT dt/ﬂdw /S (8t<1>+ (Us(a, 1) : Y)aycb) dX: ,(y)
:/fzdwfgl@(T’wvy>dAi,x(y) —Adwél®(0,w,y)dAg7x(y) (4.6)

valid for all ® € C*([0,7] x Q x S*).

Due to the bound (4.5) in the strength of Alaoglu theorem on weak-star precompactness
of bounded sequences of linear functionals [30, 1.3.12], the set {\°}.~( contains a subsequence
such that

A — A weak-star in Ly(Qr, M (S1)). (4.7)

e—0

In view of (4.1) and (4.7) we can pass to the limit in (4.6) as ¢ — 0. Thus, we conclude that
(3.2) holds true, and hence the existence assertion in Theorem 1.4 is proved.

4.2 Uniqueness of solution

We base our proof of the uniqueness assertion on the following proposition.

Proposition 4.1. Suppose that Cauchy problem for Equation (1.7) is provided with (not
necessarily nonnegative) Cauchy data neli—o = 1o, dno(x,y) = dxdo.(y), and has a (not
necessarily nonnegative) measure-valued solution n,(x,y). That is n,(x,y) satisfies Definition
3.2 in the formulation of which the non-negativeness condition is omitted.

Then for all T € [0,T] the equality

/OTdt/Sl (8th+(U(w,t) : Y)ayh)dAt,x(y)
- [ )i = [ s 0)d) @

Sl

holds true for a. e. @ € Q for any test function h(x,y,t) such that h(x,y,t) is measurable
in Q x St x (0,T), O,h(zx,-,-) € C(S* x [0,T]), and dh(z,-,-) € Ly(0,T;C(SY)) for a. e.
x €.
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PROOF. Introducing into (3.2) a test function of a form ®(z,y,t) = g(x)h(x,y,t), where
g€ Loo(Q), h € Loo(Q,C(S* x [0,T7])), we arrive at the equality

/di:c /0 dt/Sl (8tl_z+(U(a:,t) : Y)@ﬁ)d)\m(y)
/gd:c/Sl T)dr o (y /gdm/51 0)dAo(y)- (4.9)

Since g is an arbitrary function, it follows from (4.9) that for all 7 € [0,7] and for a.
e. x € ( the equality (4.8) holds true for any test function h € Lo (Q,C*(S* x [0,T])).
Hence, in order to conclude the justification of the proposition it is sufficient to show that

for any function h(x,y,t) satisfying the hypothesis in the proposition there exists a sequence
{h*} C Loo(9,CH(S* x [0,T])) which has the following properties:

R* —h  a e in QxS x(0,7), (4.10)
h*(x,-, ) — h(zx,-,-) in C(0,T;C'(S")) and
ohF(zx,-, ) — Oih(x,-,-)  in Ly(0,T;C(SY)) for a. e. © € Q. (4.11)

Let us consider the total orthogonal in Ly(0,27) and Ly(0,7") systems of trigonometric
functions {¢;(y)}2, and {1;(t)}52,, respectively. Assume

k
=3 (@) t), k=1,2,...
i.j=0

is a sequence of the partial Fourier sums of a function h(x,y,t), where

2

cij(x) = T

/ W@, g, sy (Ddydt, 5 = 1,2,k

(0,27) % (0,T")

are Fourier coeflicients. Assume

So(x,y,t) + ...+ Sk(x,y,t)
kE+1

Ch(z,y,t) = Ck=1,2,... .k

is a sequence of the arithmetic means associated with the Fourier series of h(x,y,t).

It is easy to see that Cy(zx, -,-) € C'(S'x[0,T]) for a. e. ¢ € Q, k > 1, and the expression
h(z, -, )pi(-)1;(+) is integrable on S x (0, T) for a. e. & € 2 [30, Ch.I, §4]. Hence, coefficients
cij(x) are measurable in 2, consequently, Cj, are measurable in 2 x S* x (0, 7). Due to Luzin
theorem for any n there exists a closed set Q7 , meas Q0 > meas Q — n~! such that function

¢;;(x) is continuous in Q. (7,5 =1,2,...). Define

l

SE=3" E@)pily)ds(t), bt =

i,j=0

Sk ...+ Sk

1 , where

19



0, €N\ Q,,

Notice that h* € Lo (Q;C1(S* x [0,T))), k=1,2,...;

hk(w7y7t) - Ck:(wayat) for S mij:lﬁ’g‘?

k
meas ﬂf“;j:l Q) > meas Q) — Z meas(Q \ Q1) = meas Q — k2,

ij=1

and for any n € N the bound

00 k 0o
meas ﬂ (ﬂ ﬁ;ﬁ) > meas () —2152 —meas Q) —n !

k=n \i,j=1 k=n

is valid. Denoting Q" = (72 (ﬂk ﬁ;ﬁ) we obtain that

ij=1
h¥(x,y,t) = Cyp(z,y,t) for x € Q, Yk > n.

On the other hand, C(z, -, -) — h(zx, -, -) uniformly on S*x [0, T’ and strongly in C(0, T’; C*(S*)),
and 0,Cy(zx,-,-) — Oih(zx,-,) in Ly(0,T;C(S")) for a. e. & € Q due to Fejér theorem and
its consequence for summable functions [8, Ch.5, §3.1; Ch.6, §1.1]. Thus,

h* — h a. e. in Q, x S x [0, 7],
h*(x,-, ) — h(zx,-, ") strongly in C'(0,T; C*(S1))

and uniformly in S* x [0,T| V& € Q,,
Oh*(x, -, ) — Oih(x,-,-) in Ly(0,T;C(SY)).

Since n € N is arbitrary and the measure of the set 2\, is bounded from above by 1/n these
limiting relations show that (4.10), (4.11) are valid for the constructed sequence {h*¥}2 . A

Let us turn back to verification of the uniqueness assertion in Theorem 1.4.

Suppose that 7, and 7} are two measure-valued solutions (in the sense of Definition
3.2) of Cauchy problem for Equation (1.7) provided with initial Cauchy data such that
Milt=o = 17 |t=0. Since Equation (1.7) is linear, the (not necessarily nonnegative) measure
ne = n, — n; solves Cauchy problem for (1.7) provided with zero initial data. Thus, in
order to complete justification of uniqueness assertion one needs to establish that 7, is zero
measure. It amounts to showing that if Cauchy data ng satisty dny = dxd) , and the identity

f(y)dho(y) =0fora. e. x € QVf e C(Sh, (4.12)
Sl

then a solution 7, of Cauchy problem for Equation (1.7) satisfying dm(x,y) = dx d\.(y)
admits the equality

fy)dAi(y) =0 for a. e. (x,t) € Qr. (4.13)
Sl
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In the strength of Proposition 4.1 )\, satisfies the equality (4.8) which has a form

/OT gt /S 1 (ath+ (U, 1) Y)ayh>d)\t,$(y> = /S (@, y,7)dAr (y) (4.14)

due to the formula (4.12).
Consider the following Cauchy problem which depends on x as on a parameter.

Oph(z,y,t) + (U(x,t) : Y)O,h(x,y,t) =0, (x,y,t) € QxS x][0,T], (4.15)
h(z,y,t)|i=r = he(x,y) = hi()ha(y)hs(7), (x,y,7) € 2 x ST x [0,T]. '
Here, we assume h; € CY(Q), hy € C*(S') and hy € C'0,7T]. The equation (4.15) is
understood in the sense of the theory of distributions.

Our aim is to show that a solution of this problem is a legitimal test function for the
integral equality (4.8). Thus, we will conclude the verification of the uniqueness assertion of
the theorem since introducing of such a function into (4.8) leads to the identity

hl(:c)hg(T)/ ha(y)dA; . (y) =0 for a. e. « €,

Sl

and, consequently, to the equality (4.13) due to arbitrariness of the values of 7 € [0,T] and
forms of the functions hy, ho, hs.

In order to prove the solvability of (4.15) fix * € 2 such that U(x*,-) € Ly(0,T). In the
strength of Fubini theorem [30, 1.4.45] the set of such * has the total Lebesgue measure in
Q. In view of the theory of linear PDEs [23, §§4-5], a solution of (4.15) is given by formula
iz(a:*, y,t) = h(x*, p(x*,y,1)), where p(x*,y,t) is a solution of the Cauchy problem

(d/ds)p =U(x",s) : Y(p), s € [0,T], ¢ls=r =y, y€S". (4.16)

Due to Carathéodory theorem [11, Ch.2; §5.3] a solution of (4.16) exists, is unique, is ab-
solutely continuous with respect to s on interval (0,7"), and continuously differentiable with
respect to Cauchy data y € S! since U(x*,t) € Ly(0,T), Y € C=(S'). The proof of con-
tinuously differentiability does not differ from the one given in [21, Ch.I, §5] in the case of
continuous with respect to s right hand side of (4.16). It is quite clear that h has the same
regularity properties as .

Multiplying (4.15) by an arbitrary function w € C'[0,T], such that w(0) = w(T) = 0
and integrating with respect to t we arrive at the equality

/T(ﬁtw)ﬁdt:/Tw(U(m,t) L Y)0,h dt. (4.17)

In line with the definition of generalized derivation with respect to ¢ it follows from (4.17)
that d,h(x*) € Ly(0,T;C(SY)), because (U(x*) : Y)d,h(x*) € Ly(0,T;C(S)).

Thus, we conclude that h(z) is continuous in S x [0, 7], d;h(x) € Ly(0,T; C(S)), and
dyh(x) € C([0,T] x S) for a. e. x € Q.
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At the end, it remains to establish measurability of h with respect to (x,y,t) in Q x
St x (0,T) which amounts to verify measurability of the solution of (4.16). Due to Luzin
theorem for any £ > 0 there exists a closed set @; C @Qr, such that meas @; > meas Qr — ¢,
and U(zx, s) is continuous in Q. In view of Carathéodory theorem the solution ¢(a,v, s)
of the problem (4.16) is in C(Q; x S'). Hence, it satisfies the hypothesis in Luzin theorem,
and, consequently, is measurable in Q x S* x (0,7). A

4.3 Appendix. Generalization to any space dimension N

The restriction to the case of dimension two is not fundamental, i.e. arguments in the paper
can be generalized (in a natural way) to any space dimension N. Consequently, the following
theorem, similar to theorem 1.4, holds true.

Theorem 4.1. Ifv € Ly(0,T; JXQ)) and the non-negative measure pio defined on € x SN=1
is such that

dio(x, Y1, - - yn—1) = dedvg (Y1, - Yn—1), Yo € Low(Q, M (SV71)),
then the Cauchy problem for the Tartar equation

N-1

Oty + v - Vs + Z Oy, (e Yy - Vyv) =0,

k=1
tel0,T), €, (y1,-..,yn_1) € SN-1

with Cauchy data p|i—o = o, has a unique non-negative measure-valued solution p; such
that

due(x,y1, ... ynv—1) = dedvi . (y1, ..., yn-1),
Ve L2(07T; L2,W<QaM+(SN71)>>'

Here, € is a bounded open subset of RY with smooth boundary, SV¥~! is the unit sphere
in RN, 41,...,yn_1 are angular coordinates on SV~!, and

Yk:Yk(yla--‘;nyl% kzl,...,N—l,

are (N-1)x(N-1) matrices consisting of known infinitely smooth components Y, (y1, . . ., yn_1)-
The explicit forms of these components depend on a choice of parametrization on SV~!.
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